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The Stern Gerlach Experiment

(electron)  2
2

≈

=

g
mc
gq Lm

Sz

Sz
SxUnpolarized

Beam in

2
1

2
1−

50%

50%

2
1

2
1−

50%

50%

2
1

2
1−

50%

50%

zczc −++= −+ψ Resolve quantum state in components
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Representations and Operators
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Change of basis
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( ) ( )Sbasis oldASbasis newA +=

Columns are coordinates of 
old basis states in new basis

For ket (shown here for two state basis)

For Operator

New and old basis states are related by unitary transformation

zRu ±=± ˆ (where                    to preserve normalized states ) 1ˆˆ =+RR

Then S is representation of       in new and old basisR̂



Rotation, Angular Momentum & observables
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Unitary Rotation operator:



Angular Momentum Algebra
Order of rotations matter which in operator language implies: 

( ) ( )[ ] ( ) 1ˆˆˆˆ,ˆˆ −= zRyRxR δφδφδφ

This implies that angular momentum operators don’t commute:

[ ] zyx JiJJ ˆˆ,ˆ =

We define raising and lowering operators: 
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From which we derive angular momentum eigenstates and eigenvalues
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yĴxĴ
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The Schrodinger Equation
Time evolution described by unitary transformation of t=0 wave function:

( ) ( ) ( )0ˆ ψψ tUt =

( ) ( )/ˆexpˆ titU H−=
From this derive Schrodinger differential equation for t-dependent state 
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Combined Angular Momentum etc.
Spin pairs can be described using two different sets of basis states:
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Singlet state is rotationally invariant: ( ) 0,00,0ˆˆ =nφR

Disintegration of singlet reveals fundamental nature of QM uncertainty
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aŜ bŜ

Hidden variable theory obeys Bell’s inequality. QM does NOT hence
• QM contains complete information of physical state 
• QM is a non-local theory
• QM describes the results of experiments including those probing EPR

C-G coefficients
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Wave mechanics in one dimension
Unitary Translation operator: ( ) ( )/ˆexpˆ xpixT x−=

is momentum operator for x-directionxp̂
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Time propagation of free particle wave function

( ) 2xψ Is probability of detecting particle between x and x+dx
( ) 2pΦ Is probability of measuring momentum between p and p+dp

( ) ( )0,
2

exp,
2

pt
m

pitp Φ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=Φ

ENTITY POSITION SPACE MOMENTUM SPACE 
ψ  ( ) ψψ xx =  ( ) ψpp =Φ  

ψp̂  ( )x
xi
ψ

∂
∂  ( )ppΦ  

ψx  ( )xψ  ( )dppipx Φ∫ )/exp(
2
1
π

 

ψp  ( )dxxipx ψ
π ∫ − )/exp(

2
1  ( )pΦ  

 



Scattering and bound states in 1D

Bound states occur for
Scattering states occur for 

( )∞±<VE
( )∞±>VE

If                               there are only scattering states ( )∞±>VxV )(
If                               there can be bound and scattering states ( )∞±<VxV )(

Bound states have energy quantization and vanish at infinity
Scattering states have continuous energy distribution and travel to infinity

Solve time independent Schrodinger equation:
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Solutions must satisfy boundary conditions that can give quantization:
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any singularity in V(x)



The 1D Harmonic Oscillator
ψψωψ Exm
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WKB Approximation
An approximation to           when V(x) is slowly varying)(xψ

Define ( ))(2)(2 xVEmxp −=

For classical regime p2(x)>0: 
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Good Luck with the Exam!
• Practice exams are available on 

the course web page
• Problem solving session with 

George Sunday 12/16 at 6 pm in 
room 361(usual place)

• Office hours with Collin this 
afternoon and by appt.

• Final exam on Tuesday 12/18 9-
noon in room 278

• See you next semester!


