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Final Exam Problem #5 Solution

5) Note the similarity of this problem to Assignment #6, problem J (Pain { 12)
a) The voltage slong the boltom wire is consant; we are free to set it to zero Then by the relation charge =
capacitance voltage, we have

f=CV1, ga=CVy , g3 =CVs. (1
From the diagram it is clear that the curzents are directly related to changes in these charges:
Gre=-~ly , a=la~N ,a=1 (2)
TFrom the inductor law, voltage = inductance (rate of change of current), we have
LI, =Vi-Vy , LIy =Va—V;. (3)
Combining Hgs. {3) with Egs. (1), and working in terms of the charges on the capacitors, we get

N RN R 4
qu—c 5o lih=7-5F {4)

Since we wané to work with currents, differentiate Equations (4) once more to obtain

ML(33(I1 =Lfn=:”"{§'—la_fb

ats C c

L &gy eppote=h b (5)
o ) T T T
Cleaning up, we have [or our solution
e Ia Ib - Ia Ib
N Sl I Wl I A SN Tl 6
L ictzec =16 %Ic (©)

b} Easiest using the matrix methods from elass Several people forgot the minus sign in front of the 2 x 2 matrix,

this leads to errois
Ll._|2C -yl L) _ _pll )
Ib o -i/LC 2/LC I Iy

The frequencies of the normal modes are obtainable by solving the eigenvalue equation det{R — Jw?} = O:

I 2/LC -w*  ~1/LC | _ (2/LC - w?) = (1/LC)E =0 (8)

-1/LC  2/LC ~w?

The solutions by inspection are w? = 1/LC, w} = 3/LC, so the normal mode frequencies are

i 3
o = . 9
e ic ' “? ILC ®)

(Alternate, equivalent solution) Guess the normal variables ¥; = I, + I, Y2 = I, — Iy. The coupled Egs. (6)
then become

. Ia Ib .- Ia Ib

e — - - —— 3 —

=110 =%1¢ o (10)
" v L "y,
=gz B="pp

The normal mode freqencies are clearly the same



c) The shapes of the the normal modes I5{t)/Is(¢) can be obtained by solving the eigenvector equations

a-un[£]-[3]  w-mo[£]-3]

for I,/1y. For the first mode (w = w1}, this becomes

[ 1/Lc —y kel i LY (0] (12)
-l/LC yLe K)o -

which gives Iy = I, For the second mode (w = wn), we have

—1/LC -yLei (LY o] (13)
 -1/LC ~LC Y | BT 0]

which gives I, = ~I, These shapes could also be guessed from the symmetry of the cireuls

d) The most general solution for the currents in this circuit is

To{t) = Acos(wqt) + Bsin(w2) + Ceos(wat) + Dsinfwst), (14)
Iy(t) = Acos{unt) + Bsin{wit) ~ Ceos(wat) — Dsin(wat) '

This form avoids the need for ”phase angles” - they are absorbed into the relative values of A/B and C/D The exact

values of A, B, C, I are set by the initial conditions. Handling the derivatives of the currents frst, we have

(%> = () == Buy + Dwg = 0.
dt (t=0)

(15)
(dﬁ) = O == Buwy — Dws = (.
dt (t=0)
These 2 conditions requite B = D = (0 So the allowed currents are restricted to
I.{t) = Acos{w;t} + Ceos(wat), (16)

In(t) = Acos(uyt) — Ceoslwal)

The initial currents (I,(0) = Ip,fp(0) == 0) require A + C = Iy, A~ C = 0. The solution is 4 = Iy/2, C = Ii/2. So
equal currents Aow in both modes and

L= :{é‘?, [cos (t\;‘wf’%—) + cos (t\/z%)] . () = —{29— {cos (t\/i%) — cos (t\/%)] (17}

You were asked * At what times will I,{t} = Ip?”
I(t) = Iy if and only if the quantity in the right hand set of square brackets is equal to 2. This can occur #f and

only if
1 3
cos (t‘/f&”) =1 and cos (i\/m) = -1 {18)

ty/1/LC = 2mr and t/3/LC = (2n+ )m, {19)

This requires

where m and n are integers. Dividing yields the condition

2m

which has no solution, since +/3 is irrational. Therefore I(t) = Iy never happens.



Many students used one of of the two following arguments, which seem logical but are in fact spurious:

i} "Beats”: The line of argument follows Pain p 85-89:

Lu(t) = focos {25214 cos (22521 (21)

The beat Fequency wy = (wq -+ }/2 defines an "envelope” for the oscillation of I;{t). The beat period is then
7" = 2w /wg- Then we have an exact relation for times when I, must be zero:

Io=0 for t=0,T,27T, . (22)

Relation 22 is indeed true. Unfortunately, many students made the faulty conclusion that I, = I at these
times. This is incorrect because the conditions for Iy = Iy and I, = 0 are different. The first condition is given by
equations (18), which as shown have no solution. However, I, = 0 whenever

cas( LC 4~ws ”‘LC

2 - (23)
LC‘+ (2g+1mw=t
t-— 2g+l
V3-1VIC

for any integer g The subtlety hete isthat Iy = [y == I, =G, but I, =0 Iy = I

ii} Energy Conservation: Students assumed that "when I, = 0, Iy = Iy because all the energy has been transferred
from one escillation to the other”. The concepbual error here may be too closely identifying this circuit with the
coupled-pendulum system shown on Pain p 85-89. In any case, it is best to regard energy as being stored in the
noimal-mode currents Y7 = I, + f, and Y5 = I, ~ I, rather than the separate loop currents (I, [,). Energy may not
be transferred between the two normal modes. The form of the energy is

E = aY{ + bY? + cVF + d¥7, (24)

so the energy of the system is a sum over terms proportional to (I £ I)? or (f, £ I})? Clearly caution is required
here One could calculate the times when I = Iy from E(t) and energy conservation, but as shown above no such
times exist
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