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By the turn of the twentieth century, physics had come to a turning point.  Maxwell had successfully united the electric and magnetic force, and Einstein had begun to make a breakthrough in the theory of relativity.  He had used Maxwell’s theory to suggest that there was no absolute rest frame, and that all motion was relative.  Einstein had also begun to see how gravity might play a part in this picture in 1907, when he published his equivalence principle.  He suggested that there was no difference between an object being accelerated and it being in freefall in a gravitational field.  This duality led him to assume that gravity was nothing but the bending of space-time, and the theory of gravity became a question of semi-Riemannian Geometry.

But with the final formulation of General Relativity, Einstein noticed a nontrivial connection between Maxwell’s electrodynamics and his theory of gravity.  One sees that by solving Maxwell’s equations in a gravitational field, not only does the electromagnetic field generate gravity, which is certainly believable from the mass-energy relation, but gravity can enhance a background electromagnetic field given the proper conditions.  This duality was one of the key features of physics that led Einstein and his followers to propose that there is a Grand Unified Theory of all the forces.  In this paper, we shall derive this duality, and show how it might help us to find gravity waves.

*
*
*

Start with Maxwell’s equations:
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We can write the two homogeneous equations in terms of potentials:
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Now let’s introduce a new four-vector A, and construct the rank-2 tensor F:
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F is called the field strength tensor.  In terms of this tensor, we can write Maxwell’s Equations as:
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where v is the 4-velocity.  Maxwell’s equations written in this form are said to be in covariant form.


Now that we have Maxwell’s Equations in covariant form, we can add gravity to the picture.  When we add gravity, we are allowing for curved space; therefore all derivatives must be replaced by covariant derivatives.  Firstly, we note that when this happens, the definition of F does not change:
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Similarly, the homogeneous equation is unchanged.  We therefore only have to worry about the inhomogeneous equation.


In an arbitrary rest frame, an infinitesimal piece of charge is given by dq =  d3x, where  is the regular charge density.  Since the amount of charge does not depend on your reference frame, dq is a scalar so  must transform like dx0.   This means that , where  is the volume charge density in the rest frame of the charge.  Armed with this knowledge, we can write:
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where g is the determinant of the metric.  The left hand side of this equation is a 4-vector.  In curved space, the quantity 
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transforms like a scalar, so the quantity in the bracket must be a 4-vector; this is our current density.  From tensor calculus, we know the covariant divergence of a tensor can be expressed as:
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Then replacing the derivative with the covariant derivative in Maxwell’s inhomogeneous equation and simplifying, we can finally write down the result:
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These equations are Maxwell’s Equations in covariant form and in curved space.


Now that we know what Maxwell’s Equations look like in general curved space, we can begin to get more specific.  We consider here the weak field approximation:

g =  + h
where |h| << 1.  To lowest order, we can use the Minkowski metric () to raise and lower indices.  By requiring g g, we also have:

g =  - h
This satisfies the inverse equation to order h2.  Finally, we note that the determinant of g can be written as:

-g = 1 + h, where h = hh
Plugging this into Maxwell’s inhomogeneous equation in free space (=0), we get:
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Expanding this, and keeping only first order terms in h, we end up with:
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Now noting that raising and lowering can be done with the Minkowski Metric, since all these terms are already first order in h:
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Finally, we would like to have an equation expressed entirely in terms of the covariant tensors F and h:
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In this form, we will be able to calculate the equations of motion in free space, provided that the gravitational field is weak, and therefore that the space is relatively flat.


Now we will look for perturbative solutions to this equation.  Assume that the h are time dependent, and that h(t<0) = 0, so the perturbing gravitational field is turned on at t=0.  Also assume that at t=0, F = F(0), and that for t>0, F = F(0) + F(1), where F(0) >> F(1).  Notice that since space is flat and empty for t<0, the early field equations read F,0) = 0.  Using this fact, we plug our field tensor into Maxwell’s equation to get:
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Now we chose the Lorentz Gauge for our potential, so that A= 0.  Then the divergence of F(1) is just the (negative) D’Alembertian of the perturbing 4-vector potential:
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Therefore, Maxwell’s equation becomes a wave equation for the perturbing vector potential, driven by the term on the right hand side of the equation which, continuing the parallel with electrodynamics, we call –4j

Now let us move on to the metric.  We have another gauge freedom here.  In this application, we will choose the “harmonic gauge”:
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This gauge is analogous to the Lorentz gauge for the electromagnetic vector potential.  Using this result, we can continue to simplify our expression for our driving term:
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Putting everything together, we have our final result for Maxwell’s Equations in a weak gravitational field:
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We can now look back at this equation and ask what it means.  Firstly, this is a wave equation, suggesting that electromagnetic waves will be generated by a source term.  This source term however is generated by perturbations in the gravitational field.  It appears that curved space has the ability to generate electromagnetic waves, given that these gravitational perturbations are time dependent.  Notice, however, that the driving term depends explicitly on F(0) .  This would suggest that the gravitational perturbations will not in general create an electromagnetic field; rather, they will augment one that is already there.  In other words, classical (non-quantum) curved space electromagnetism automatically includes photon-graviton interactions where gravitons are converted to photons in a background electromagnetic field.


Let us consider a practical example that utilizes the above arguments.  Consider a monochromatic electromagnetic field described by the potential
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where A is the (constant) amplitude of the field and  is the polarization vector.  Now assume that a harmonic, gravitational perturbation enters:
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where H is a constant polarization tensor of the incoming gravity wave.  Notice that the derivatives of h vary much slower than the derivatives of F(0) ; therefore we can drop them to lowest order in Maxwell’s equation.  Now the new electromagnetic perturbation will obey the equation:
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Notice that the F,0) will give us terms that go as second derivatives of the vector potential, and we can say to first order that
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Splitting the time dependence and spatial dependence of the equation, we see that the time dependence of the source will go as
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Now we can write the wave equation for the perturbed potential, and find a solution:
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where Q is the Q-factor which tells us how pronounced any resonance is ( is the damping factor).  Hense, we find that an incoming gravity wave can augment an already present electromagnetic wave.  This well-known effect of fields augmenting other fields occurs often in physics, and is called parametric conversion.


Finally, we can do an amazing thing in this analysis, and include both effects together.  Simply from Einstein’s equations, we know that the spatial components of the h (in the harmonic-TT gauge) are given by:


[image: image25.wmf]r

d

r

T

rc

G

h

ij

ij

¢

¢

=

ò

3

4

)

(

4


For electromagnetic fields, we can use Maxwell’s stress-energy tensor as the generator:


[image: image26.wmf])

(

2

2

2

1

B

E

B

B

E

E

T

ij

j

i

j

i

ij

em

+

-

+

º

d


This gives us |h|~GV/c4r~10-40: too small to see, even for the best resonance detector.  However, what if we impose a background field as before?  Then we have:
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and the driving terms for the gravity waves go like 
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.  In the presence of such a field, electromagnetic waves can be converted into gravitational waves and back again in a coherent exchange.  The probability of such a thing happening is:
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What does this imply?  We saw that you can have a gravitational wave augment an electromagnetic wave.  This followed directly from Maxwell’s equations in covariant form.  However, now we see that the reverse holds as well; specifically, electromagnetic waves can augment a gravitational wave.  This duality was one of the most impressive discoveries made in the equations of general relativity, and it was one of the main points that prompted Einstein to look for a unified theory between electromagnetism and gravity.  Of course, we have yet to see any gravitational waves, so we cannot yet prove that this duality really holds.  But it is still a beautiful symmetry of general relativity.


In conclusion, I have tried to present an overview of Maxwell’s equations in the presence of gravity.  I considered some concrete effects by looking at the equations in a weak gravitational field and showing that photons and gravitons can convert into each other.  Finally, I used this analysis to show how electromagnetic effects could help us to see gravity waves.
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� Notice that these formulas reduce to the flat space expressions (Special Relativity) in the limit g → -1.
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