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Outline

Motivation: why “maximal supersymmetry” and

why “light-cone superspace”?
LC superfields and dynamical supersymmetry
Fitting d = 10 N =1 SYM into LC superspace (also d =4 N =4 SYM)
Fitting d =3 N = 8 BLG theory into LC superspace
Bottom-up approach: ansatz, constraints and solutions

Outlook: open problems



Why “maximal supersymmetry”?

LHC: supersymmetry is still alive. ..

Phenomenology: minimal supersymmetry (4 supercharges in d = 4)
Fundamental theory: maximal supersymmetry (16 or 32 supercharges)
String theory: (type I, heterotic) = 16, (type IIA, IIB) = 32
M-theory: d = 11 supergravity (32 supercharges)

Type IIB on AdS5 x S°: N =4 d =4 SYM (16 supercharges)
M-theory on AdSy; x S*: N =8 d = 3 SCS=BLG (16 supercharges)
M-theory on AdS7; x S*: N = (2,0) d =6 7?7 (16 supercharges)
AdS/CFT: “AdS” = superconformal = 16 + 16 supercharges



Why “light-cone superspace”?

e Superspace: makes supersymmetry manifest

e The usual (off-shell) superspace: [Salam, Strathdee 1974]
— need auxiliary fields
— great for N = 1, complicated for N > 1

— nonexistent(?) for maximal N [Siegel, Rocek 1981]

e Light-cone (on-shell) superspace: [Siegel, Gates 1981]
— uses only physical degrees of freedom
— makes only half supersymmetry manifest
— Lorentz invariance is not manifest
— great (manageable) for maximal N [Brink, Lindgren, Nilsson 1983]

— useful for quantum calculations [Mandelstam 1983]
(was used to prove UV finiteness of d =4 N =4 SYM)



Light cone



Light-cone superspace basics

Light-cone coordinates

T = \%(:UO +2%), O0r=_-—"-, O0F=-0¢

Choose =z as light-cone “time” coordinate = 0~ is “time derivative.”

Half of 16 supersymmetries manifest = &8 Grassmann coordinates:

0™, B = (0", m=1,234

This makes SU(4) R-symmetry manifest. { Supergravity = SU(8) }

Kinematical supersymmetry generators (¢’s) are

0 i 0 (-
M=t —0M0", Gy = — —0,,0"
1 90, "R Y Im T gem T
Superspace covariant derivatives (d’s) are
0 7 _ O i
d" = —— — —0M0", d,, = 00"
00, 2 O o6m  a



Light-cone superfields

For maximally supersymmetric gauge theories, physical (on-shell) degrees of

freedom are described by a LC superfield ¢, satistying the chirality constraint
d" ¢, =0

and an extra reality (“inside-out”) constraint

Dy, i I _

Qo = ¢a — 12§+32 G &  dpn®o = §€mnpqdpq¢a

In the chiral “y-basis” with y~ =2~ — %Hmﬁ_m and 07 = _&gi_
1 m 1 — mmn M mnp q mnpq + A
Ga = a_+Aa + 0 a_+Xma + 0" Chng + 0 EmnpgXa T 0 5mnpqa A,

Helicities are (—1, —%, 0, +%, +1). “Inside-out” conditions are

A * m — * ~ * 1 mn S mn
A, = (Aa) v Xa — (X’ma) , (Crmna)™ = 55 lekla = C,

The d.o.f. count is: 1 +6 4+ 1 bosonic and 4 + 4 fermionic.



Light-cone superfields

For maximally supersymmetric SUGRA (with 32 supercharges):

0", O, =0O™* m=1,...,8 = SU(8)

_ 1 —
dm¢ = O, dmnpq¢ — §5mnpqrstudTStu¢
B4 QM prmn 1 P 1 _ Hmnpqc
§b W + me + 9t + 9+ Xmnp T mnpq

+5mnpqrstu {anpqrxstu 4 Hmnpqrsa—l— i emnpqrsta+¢u e Hmnpqrstua—l—QE

I 3 1 1 3
HehCltleS are (—2,—§, ,—§,O,—|—§, ,—|—§,—|—2)
h = h*, Y™ = (&m)*: AT = (Amn)*: X = (anp)*
_ 1
(Cmnpq)* — §5mnquStuCTstu = ("

The d.o.f. count is: (1425470 +28+1) 4 (8 + 56 + 56 4 8) = 128 + 128



Kin. and Dyn. supersymmmetry

Kinematical supersymmetry acts linearly:

5k.s.(,ba — (CQO — qum)(/ba

1 ' ~ 1 _
¢a — Aa "|_ %emncmna "|_ 1_29mnpq8mnpq6+Aa

o+ V2
1 2
—l_iem@—_}_)_(ma + %Hmnpgmnpqxg
5k.S.ACL — iCmea
5k.s.>_<ma — \/§C_ma+Aa + \/§Cn8+émna

5k.s.Cmna — _i(gmina — gnima + €mnqung)

Dynamical supersymmetry is nonlinear:

Ods. 00 = Ods.Oa + [27° - O(0?) + £,74-0(¢3) + . ..



super Yang-Mills



SYM: covariant formulation 11

Based on a Lie algebra:
¢ =T, [T°, T = T fr=fa, e, =0
Gauge multiplet in d = 10 is (A4, Aq) With gauge and susy transformations

5wAMa — aMwa + fbcaAMbwc = DMwCU 5)\a — fbcaAbwc

1
ScAnta = €00 A, Oy = §FMN6FMM

Majorana-Weyl conditions on 32-component spinors: = 8+8d.o.f
el'C = eTFO, ['11€e =€ )\ZjC — )\LFO, I'11 A = A\,
Closure of the supersymmetry algebra =  equations of motion:

[0, 0e,] = oMoy + 6., VM = —2i(E2FM61), w, = —v™M Ay

T™MDyAg =0, DM Fyng + % £ NI v Ae = 0



Top-down reduction: algorithm 12

To identify the embedding of component fields into the LC superfield ¢, and to

find the way ¢, transforms under the dynamical supersymmetry, we will
e impose the LC gauge
e use EOM to solve for dependent components

e find susy transformations of independent bosonic components

(include compensating gauge transformations!!!)
e match kin. susy to identify A,, Crine and Xma
e use dyn. susy of A, to guess dyn. susy of ¢,
e verify the guess

(DB 0910.5471]



SYM: the LC gauge 13

LC decomposition: Ay; =(A_, A, Ar), Ty =(0_,T,,T))

1 1
)\:>\_|_—|—)\_, )\j::Pj:)\, P_|_:—§F_|_F_, P_:—§F_F_|_
LC gauge: A_, = 0. EOM then imply
1 1 .
)\a_ 20+ (F FIDI)\CH—) A+a = 84-2 (DIF[ o+ = fb )\bF A )

Modified supersymmetry (to stay in the LC gauge):

SlA_ =iel _ A+ 0_we=0 = w,=—(
The independent bosonic components transform as

0c A1, = (e . Y
1
28+(

Conclusion: €_ describes kin. susy, €, describes dyn. susy

S, Ara e T_TI'D Tihy) + fbc (8+AH, we)



SYM: one-component spinors

Choose a representation for I'M = (T'#, Ff+3), uw=0,1,2,3, 1= 1,...,6

om0 = 0 sy Imn
M=ite| " , TP =iy
0 o Tinm 0
m =1,2,3,4 is SU(4) index. SO(6) ~ SU(4) and (4 X 4)a5ym = 6
e e’
€E_ = B , €_|_ ) +
€Em— €Em—+
[0) [~ [0) [0)
n 0 0 . 0 Bm
— . € = = . Ema =
0 0 N 0

\o™) \ 0/ \ 0/ \ 0



SYM: the LC superfield

15

The eliminated fields of the gauge multiplet (Apsq, A\o) are

1
Aiy = —(Aoq = Asa),
+ \@( 0 3a)
Using the remaining components to define
1 _
Aa:—Aa+iAaa Cmna
\/5( 1 2a)
[0
AT 0
>\CL—|— — at , AZ’L—F p—
Ama+ Xa
\ 0

we find that kin. susy transformations are reproduced! (with (™

1

Ao =P_),g

1
V2

’ >\ma—|— —

(XZL)* = Xma

X A

(T+3)a

(o)
Xgm

\ 0

V2a™)

1 m — mmn M mn mn A
¢a — _Aa + 0 a_+Xma +0 Cmna + 0 pgmnpqxg + 0 pqgmnpqa—i_Aa

o+



SYM: dyn. susy on A,

16

The LC derivatives are

1
8:|: — —5;, aj: 7_((90 + 83)
Combining transverse derivatives into
1 _ _ 1 _
0 = ﬁ(&l -+ 282), a,,m = 752? (9I+3
we find that dyn. susy variation of A, is
¢ 1
1

+ iy (Dm”XanLfbc O Ay X

where £ = —/23™ and

D)Zma — 8>_Cma + beaAbS(mc» D™"x ka — amfn,)—( ka + fbc Cmn X kc



SYM: dyn. susy on ¢, 17

We can rewrite the previous result as
(5£§Aa = 1§ (aXma fbc o (Ab o+ ch))
mn — (& mn — 1 m
deqha = gy (5 Xna + 170 (CF ™ e 07 Ay - 52X
From 5£§Aa and the linear part of 5EQACL we guess that

5§@¢a = 5 a+ (an¢a - mnq ¢a + fbc (a+¢b Qm¢c))

Conjugating and using the “inside-out” constraint, we reproduce 5EQACL after
projection to the lowest component. This is the result for d = 10 SYM.

The result for d =4 N = 4 SYM follows by setting 0, = 0

Segta = " o (0mba + fu(0% 00 o))

This reproduces earlier results by [Ananth, Brink, Ramond 0501079] and
[Ananth, Brink, Kim, Ramond 0505234]



SYM: the Hamiltonian 18

Dynamical supersymmetries commute into the “Hamiltonian shift”

0c0s 02l = iV 261" 5 p— ¢4
which is a sum of a “time-translation” and the equation of motion
0 b = 0100 = L2, +O() + O, 010; = 00+ 8, 0™
This EOM follows from a Hamiltonian

I
1= [ dteatod's 1 (6,55 00+ O() + O(f)

which turns out to be a quadratic form

o 0

H= /d4xd49d4§hab( eQba) ( ®b)
8ek 86

thanks to the “inside-out” constraint (¢ = Il¢) and requiring

fabc — fabehec — fabc _ f[abc]



Bagger-Lambert-Gustavsson



BLG: covariant formulation 20

Based on a 3-Lie algebra:
b= T, [T°,T¢, T = pbed o fbed _ fleed]
Fundamental Identity:
flefa pelde =0
The d = 3 BLG multiplet is (X!, ¥, gﬂba). D.o.f. count is:
e X! TI=3,...,10, on-shell = 8 bosonic
o U, UTC=UTT,, Tp2¥=—T, on-shell = 8 fermionic

e A, p©=0,1,2, Chern-Simons gauge field, on-shell =0 bosonic

¥ is 32-component; (I'*, T'1) are 32 x 32 gamma matrices for d = 11
ETC — ETF(), F012€ = —+€

= 16 real independent parameters in 32-component ¢



BLG: covariant formulation

21

Gauge transformations
oA XD = XIA ., 6AT, =TA%, OzAb, = D,Ab,

Supersymmetry transformations

~

0 Xy = el W,, 6.A,° =iel, M X Wyfe?,
1
0y = THTMeD,Xg — Xy X X fr0 T e

The closure of the supersymmetry algebra on (X!, ¥,,, Zuba)

[5617562] — U'ua,u + 04, vH = —2@'(621““61), Kba = _i(E2F1J61)XCIX&]deba

requires the Fundamental Identity and the following equations of motion

1
DDy W + ST 0 XX f7 = 0

~

F

P (ch D X + %@Fm)fcdba — 0



Compare with SYM 22

Based on a Lie algebra:
¢ =T, [T°, T = T fr=fa, e, =0
Gauge multiplet in d = 10 is (A4, Aq) With gauge and susy transformations

5wAMa — aMwa + fbcaAMbwc = DMwaa 5)\a — fbcaAbwc

1
ScAnta = €00 A, Oy = §FMN6FMM

Majorana-Weyl conditions on 32-component spinors: = 8+8d.o.f
ETC — ETF(), F11€ — €, )\EC — )\ILFO, Fll)\a — )\a
Closure of the supersymmetry algebra =  equations of motion:

[0, 0e,] = oMoy + 6., oM = —2i(E2FM61), w, = —v™M Ay

T™MDyAg =0, DM Fyng + % £ NI v Ae = 0



BLG: the LC gauge

23

The d = 3 coordinates are (2%, 21, 2%) and we take
0 1 0
8 - _ + — 0 Z|: 1 a —_
LC gauge: A_ Y, =0. EOM then imply
~ 1 7 —
bty 1t cdb
Ay = Py (Xe D2 Xy + 2‘I’cr2\11d)f a
- 1 - .
Ab, = a_+(X§ 0" Xg = 5Wei I Way)f °,
1 2 Lo1s Iy J pbed
\Ija_ — 28—‘|‘F_<F DQ\IJCH_ —|— §F \Ijb_|_Xch f a)

where
D2\Ija—|— — aqua—l— — \Ijb—l—;l/Qba

Only (X!, ¥,.) remain as independent = 8+ 8 d.o.f.



BLG: modified supersymmetry

24

Compensating gauge transformations:

(Ség_ba =0 = Kba — a%(E‘I‘F—FIXg\de—l—)deba

Modified supersymmetry for the independent bosonic components
6 X! = e,
I — I IND
(52+Xa = e, "V, + X A7,

As in SYM, e_ describes kin. susy and e, describes dyn. susy

Recall that in SYM:

0. A, = (e .

1 1

Se,Ara = == (E@T_T/D T Nay) + = (0T Ap - we)

20+ “ot



BLG: the LC superfield

25

Spinorial projectors

1 1 1 1
P+ — —§F_|_F_ — 5(1 —|—FOF1), P_ — —§F_F+ — 5(1 — F()Fl)

Taking I'y = —I'1; and using ['g12e = €, I'p12¥ = — W gives
F11€_ = —|—€_, Fllqja—l— = +\I’a—|—

F11€+ — —€4, Fll\Ifa_ = —\Ifa_

The decomposition of € _, W, is the same as of e_, A\, in SYM.

1 _ 1 =
\Ija—{— =4 Xma; Aa — _(XS) + ZXﬁ)a Cmna — XI+4

S
\/5 \/§ Imn”"a

1 1 — mmn M mn mn A
Go = 8—+Aa + 9m8—+Xma +0""Crng + 0 pgmnpqxg + 0 pqgmnpq8+14a

Kinematical supersymmetry transformations match.



BLG: dyn. susy on A,

26

Using €1 C = ELFO, ['Viex = —€4, Preyx =€, we find
0 0
e’ m
+ 0 — *
€4 = , € = 770 o Emy = | _ , m =)
Em+ TIm
0 0

Combining the ingredients gives

— 1 m mn — C
5WQAG — 277mAba—(ACXd _Cc nd)fb da
a — M7 C
577@14@ = - aixma—l—n mbcdfb da
- _ 1 - - 1 v
Unied = o |2y (807 Ad) 207 Ay - - (Acoma)

| 1 - =
_2>_<kb8—_}_(cmnc§+cg ) — 28+Ab ) 8—_}_(X?Cmnd) + Z\/§me

1

o+ (Xe Xnd)



BLG: dyn. susy on ¢,

27

Using opqA, and the linear part of (5,,7@14&

= 1 m mn — C
5WQACL — 277mAba__|_(Ach - Cc nd)fb da
m 62 — M 77 c
577@ACL = -7 a—_|_X’ma + n mbcdfb da
we guess that
(9 1

5ﬁ@¢a — iﬁmq qba + 27'77m o+ <a+¢b

cd - a—'_gbc a+dm¢d + 7—dmn¢c a_‘_dngbal

Using the “inside-out” constraint, we have

1

dg] S ijkl
5n§¢a — 29+2 (%QQ%) ; d[4] = 55 / dzg kl

Projecting to # = 0 we reproduce 57@14& (after a few pages of algebra).

I,



Bottom-up approach



PSU(2,2|4) on LC

29

d = 4 conformal group is SO(4,2) ~ SU(2,2) = PSU(2,2/4) =

00
P ——2(9 , P——Za, P ——Za—+
0
+ _ oot +— _ - _
JT =14x0", JTT =i(1+¢E), J ——za—+A

J= (20 —-%0)—7, D=1i(&— (20+70))
KT =2i2z0", K =2izA, K = QiiAB

o+
m m 1 m m 7 m = 1m
Jn :Tn —§T(Sn Tn — 220+ [q 7Qn]7 T:§Tm
0 0
m _ _ gm Hma—l— mo__ m

1
s = iV/2Tq™, ST = i\/§a—+Aqm

and P, J©, J, K, Gm, Qm, 5m, Sm by conjugation.

A=¢+7—20, B=¢(—7-70, =120 —3(0m0m + 0,,0™)

SU(4)



0Sp(2,2|8) on LC

30

d = 3 conformal group is SO(3,2) ~ Sp(2,2) = 0OSp(2,2]8) =

0
Pt =—i9%, P=—i0, Pr=—og 0
Jt =ix0", JTT =i(1+9), J_:—i—a+A
J = D—'(§+1 9) A—e+t_Lig
— T, =1 2 T = 5 QZC
1 1
Kt =ix?0", K=2i K™ = 2i -5
0T, iz A, 28+A(A 2)
m m 1 m m __ { m _ 1gm
i 1 0
m:_am_|__9ma—|—’ m_ _— . m
! V2 “ V2or!
s =qxq™, S =154 A
1 1 - 1 1
J"M = —q"q" — Jmn:__m_n_
Vit o eRh

and G, Q. Sm, Sm by conjugation. In d = 3, z =7 and 0 = 0.

SO(8)



Basic commutators 31

Three generators (¢™,Q™, K) determine the rest! For OSp(2,2|4):

{q" @} = =202 PT, {¢™,Qn} = =00'P, {Q",Qn} = —V20' P~
(K,q" =s™, [K,Q"]=v25™

(¢, 5,} = —ivV20™ T, {s™,5,} = V26" KT

(KT, P =2i(J"" — D)

{Q™,5,} = —z'cS;”(J*_ — D) — %(J(S,,’T +2J7), {Q™,s"} = Jm"
[K,P)=2iD, [K,P|=-2iJ", [K,J |=iK"

Note that in the PSU (2, 2|4) case
[K,P]=2(J+1iD), {Q™,s"}=0

Find ()", conjugate, commute = P~ = Hamiltonian.

Commute with K to find S, J~ and K.



Interacting theory

32

Only dynamical generators are modified by interactions:

5kin ¢a — Okin ¢a
5dyn §ba

Odyngba + fbca ) O(¢2) T beda ) O(ng) +

Ford=4 N =4 SYM:

OcqPa =87 57 (3qm¢a+fbc (0% - qm¢c)>

For d =3 N = 8 BLG theory:

02

. 1
55Q¢a = anq Qba + 200 o+ (a+¢b

m— 9T, 0T —I——dmn .- 0td,
cd Qe - Gd 7 be - Gd

é?C’lL)fbcda



Dyn. susy ansatz: PSU(2,2|4)

“Coherent states”:
Ekczk
8-|—

" qr.
o+

5€:exp( ), Eezexp(

); d™E.¢ = ivV2e™E ¢

q_m — Jm - i\/§§m8+ — 56¢b ’ g;1¢c — Ee¢b ’ Ee_1¢0

Dyn. susy ansatz for O(f1) in PSU(2,2|4):
1

(1) , _ rbe +B —19+C
0000 = 1" arrg (B0 Py EZ107 06, )

“Dimensional constraint” (from J™~ or D):
B+(C=A+1
The key constraint:
0p-,0;-]0ao =0 = A=B=C=1

At O(f?) requires the Jacobi identity.

|linear in €

— fbca _ f[bc]a



Dyn. susy ansatz: OSp(2,2[8) 34

Dyn. susy ansatz for O(f1) in OSp(2,2|8):

gil-12-2aJ1---J2420 0 0

5(1_) . — dea o - - - -
Qba=/ %:p (2= 20)(2 + 20)! Dpjit—iz—za §Cir-dzrea

1 1 1 _
X Ot Aa (EeEna+Ba Db - Ee 1E77 : O+ Mo (EC8+CQ¢C ’ Eg 18+Da¢d))

|linear in e

“Dimensional constraint” (from J*~ or D):
B,+C,+D,=A,+M,+4
Coset SO(8)/SU (4) generators J™" require p, ~ (—)% and recursion relation:
(A,B,M,C,D)oy1=(A,B,M,C,D)y + (—1,—1,4+2,+1,+1)
with a = (=1/2,41/2) or @« = (—1,0,+1). The key constraint:

6p—,0;-lda=0 = (A,B,M,C,D)_1=(3,3,-21,1) @ fled,

N[

(Agrees with the BLG solution.) At O(f?) requires the Fundamental Identity.



Summary and Outlook

35

Maximal susy enjoys living in LC superspace

The same constrained LC superfield does the job

Dynamical supersymmetry encodes essential information

(all information in the superconformal theories)

Superfield Hamiltonian is a quadratic form. Implications?

What about d = 67 (Mb5-branes) = 0OSp(4/6,2)

What about supergravity to all orders in k7

Quantum effects

=  h-dependent dynamical supersymmetry?

Thanks!



