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Spin gap in a quasi-one-dimensionalS5 1
2 antiferromagnet: Cu2„1,4-diazacycloheptane…2Cl4

Philip R. Hammar, Daniel H. Reich, and Collin Broholm
Department of Physics and Astronomy, The Johns Hopkins University, Baltimore, Maryland 21218

Frans Trouw
IPNS, Argonne National Laboratories, Argonne, Illinois 60439

~Received 5 August 1997!

Cu2~1,4-diazacycloheptane!2Cl4 contains double chains of spin-1
2 Cu21 ions. We report ac susceptibility,

specific heat, and inelastic neutron-scattering measurements on this material. The magnetic susceptibilityx(T)
shows a rounded maximum atT58 K indicative of a low-dimensional antiferromagnet with no zero-field
magnetic phase transition. We compare thex(T) data with exact diagonalization results for various one-
dimensional spin Hamiltonians and find excellent agreement for a spin ladder with intrarung couplingJ1

51.143(3) meV and two mutually frustrating interrung interactionsJ250.21(3) meV andJ350.09(5) meV.
The specific heat in zero field is exponentially activated with an activation energyD50.87(1) meV. A spin
gap is also found through inelastic neutron scattering on powder samples that identify a band of magnetic
excitations for 0.8,\v,1.5 meV. Using sum rules we derive an expression for the dynamic spin-correlation
function associated with noninteracting propagating triplets in a spin ladder. The Van Hove singularities of
such a model are not observed in our scattering data, indicating that magnetic excitations in
Cu2~1,4-diazacycloheptane!2Cl4 are more complicated. For magnetic fields aboveHc1.7.2 T specific-heat
data versus temperature show anomalies indicating a phase transition to an ordered state belowT51 K.
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I. INTRODUCTION

As a consequences of its quantum criticality, the lo
temperature properties of the Heisenberg spin-1

2 antiferro-
magnetic chain change dramatically with small pertur
tions. For example, weak coupling between a macrosco
set of spin chains leads to Ne´el order atT50, while modi-
fications to the one-dimensional network of spin interactio
can induce spin gaps and suppress Ne´el order. The gapped
phases of one-dimensional spin-1

2 systems are simple ex
amples of a qualitatively different type of magnetism whe
the many-body eigenstates are more conveniently descr
in terms of the singlets and triplets of near-neighbor coup
spin pairs rather than in terms of the Zeeman states of i
vidual spins.

Theorists have established that spin gaps can
induced by bond alternation,1,2 frustration due to
next-nearest-neighbor interactions,3–5 and coupling even
numbers of chains to form spin ladders.6,7 Spin gaps have
been observed in the quasi-one-dimensional sp1

2

systems Cu(NO3)2•2.5H2O,2,8 CuGeO3,
9,10 SrCu2O3,11

(La,Sr,Ca)14Cu24O41,
12 Cu2~1,4-diazacycloheptane! 2Cl4

~CuHpCl!,13–16 and (VO)2P2O7.
17–20 Apart from the spin-

Peierls system CuGeO3, all of these materials were originall
thought to be spin ladders. However, subsequent experim
established that Cu(NO3)2•2.5H2O and (VO)2P2O7 actually
consist of alternating spin chains that are perpendicular to
putative spin ladder.19,20 This highlights the difficulty of dis-
tinguishing between different Hamiltonians with spin ga
on the basis of measurements that mainly probe the mag
density of states.

This paper is an experimental study of the gapped sp1
2

system CuHpCl. Because magnetic exchange interaction
570163-1829/98/57~13!/7846~8!/$15.00
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this material are quite small, it is an excellent system
which to study the field and temperature dependence of
correlations in a gapped spin-1

2 system.21 The Cu dimer for-
mula units in CuHpCl stack to form double chains. Corr
spondingly, the magnetic interactions between Cu spins
thought to yield a spin ladder as shown in Fig. 1 with a sp
Hamiltonian of the form

H5J1(
i

S2i•S2i 111J2(
i

~S2i•S2i 121S2i 21•S2i 11!

1J3(
i

S2i 21•S2i . ~1!

We report susceptibility, specific-heat, and neutro
scattering experiments that determine the spin gap and m
netic density of states in CuHpCl. While our susceptibil
and specific-heat data can be interpreted in terms of a
ladder, details of the inelastic magnetic neutron-scatter
data are inconsistent with a simple approximation to the
namic spin-correlation function for a spin ladder.

FIG. 1. Schematic of chain structure of CuHpCl, indicating i
tradimer (J1) and possible intradimer (J2, J3) exchange interac-
tions. The ellipses show how the dimer units stack.
7846 © 1998 The American Physical Society
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II. EXPERIMENTAL TECHNIQUES

CuHpCl is monoclinic, with space groupP21 /c and lat-
tice constants a513.406(3) Å, b511.454(2) Å, c
512.605(3) Å, andb5115.01(2)°.13 The CuHpCl mol-
ecules stack to form chains in the~101! direction. The in-
tradimer Cu-Cu distance isd53.422 Å and the interdime
spacing along the chains isu57.00 Å. We have grown
single crystals with typical masses of 5–10 mg by slow co
ing of saturated methanol solutions. Crystals of this s
were used for ac susceptibility and specific-heat meas
ments. The zero-field ac susceptibility forT.2 K was mea-
sured in a commercial superconducting quantum interfere
device magnetometer. The heat capacity was measured
dilution refrigerator using the relaxation method22 in mag-
netic fields up to 9 T.

Inelastic neutron scattering measurements on a pow
sample were performed using the quasielastic neut
scattering~QENS! time-of-flight spectrometer at the Intens
Pulsed Neutron Source of Argonne National Laboratory. T
sample consisted of 5.75 g of powder in an annular alu
num sample can with inner diameter 0.3 cm, outer diam
1.0 cm, and height 12.75 cm. These dimensions were ch
to match the QENS beam size, while keeping the transm
sion through the hydrogenous sample above 50%.

QENS is an inverse geometry time-of-flight spectrome
operating at a fixed final energyEf53.635 meV selected by
Bragg reflection from three horizontally focusing pyrolyt
graphite PG~002! analyzer systems. The resulting elastic e
ergy resolution isdE50.12 meV full width at half maximum
~FWHM!. Each channel is also equipped with a cooled B
filter that rejects neutrons withEf.3.7 meV through Bragg
diffraction. The analyzers can rotate about the sample o
common rotation stage whose angular settingv can vary
from 0° to 30°. The mean scattering angles 2u of the three
analyzer systems arev125°, 105°2v, andv1115°, respec-
tively, and the angular acceptancesd2u are 7.5°,15°, and
15°.

The magnetic neutron-scattering cross section of a p
der sample at wave-vector transferQ and energy transfer\v
can be written23

d2s

dVdE8
5

k8

k
Nr0

2Ug2 f ~Q!U2

2S~Q,v!, ~2!

where r 055.38 fm, N is the number of copper ions in th
sample,f (Q) is the magnetic form factor,24 andS(Q,v) is
the spherically averaged scattering function

S~Q,v!5E dVQ̂

4p

1

2 (
a,b

~dab2Q̂aQ̂b!Sab~Q,v!. ~3!

The dynamic spin correlation function is given by

Sab~Q,v!5
1

2p\E dt eivt
1

N

3 (
R,R8

^SR
a~ t !SR8

b
~0!&e2 iQ•~R2R8!. ~4!

The following corrections were applied to the neutr
counts in the time histograms associated with each of
l-
e
e-

ce
a

er
n-

e
i-
er
en
s-

r

-

a

-

e

three analyzer systems. First a time-independent backgro
measured for\v'2Ef were subtracted. Then the data we
scaled to the shifted time-dependent count rate in a p
sample fission monitor and finally converted into\v histo-
grams. This procedure yields\v-dependent dataI (Q,\v),
which is related to the scattering cross section through c
volution with a resolution function as

I ~Q,\v!5CE dQ8\ dv8RQv~Q2Q8,v2v8!

3
k

k8

d2s

dVdE8
~Q8,\v8!. ~5!

In this expression the resolution functionRQv is assumed to
be normalized to unity

E dQ8\ dv8RQv~Q8,v8!51. ~6!

For a hydrogenous sample such as CuHpCl the ela
intensity is dominated by the incoherent nuclear-scatter
cross section, which reads

d2s

dVdE8
5N(

r
~br

i !2d~\v!. ~7!

The summation here is over the nuclei associated wit
single copper atom. We used the integrated elastic inten
to determine the spectrometer constantNC,

NC5
E

2e

e

\ dv I ~Q,\v!

(
r

~br
i !2

. ~8!

With this number we derived a normalized intensity in un
suitable for comparison to theories ofS(Q,v),

Ĩ ~Q,\v!5
I ~Q,\v!

r 0
2NC

. ~9!

The magnetic contribution to this quantity is related to t
spherically averaged dynamic spin correlation function
Eq. ~3! as

Ĩ m~Q,\v!52E dQ8\d v8RQv~Q2Q8,v2v8!

3Ug2 f ~Q8!U2

S~Q8,v8!. ~10!

III. EXPERIMENTAL RESULTS

A. Magnetic susceptibility

Figure 2 shows the zero-field ac susceptibility of CuHp
single crystals. The characteristic rounded peak of a o
dimensional~1D! antiferromagnetic appears atTp5 8 K. Fit-
ting a Curie-Weiss law to high-temperature data~30 K,T
,200 K! gives a Curie-Weiss temperatureQCW5
26.05(1) K. Below the peakx drops much more rapidly
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than for the linearS5 1
2 chain with only nearest-neighbo

~NN! interactions,25 and tends to zero at low temperature
These data are consistent with previous powder susceptib
measurements.14,15 The solid lines are a fit based on exa
diagonalization of a spin-ladder model, which will be di
cussed in detail below.

B. Specific heat

Figure 3 shows the specific heatC(H,T) of CuHpCl ver-
susT in fixed fields up toH59 T. The field was applied
along the (111̄) direction, which is perpendicular to th
@101# chain direction. No subtraction of the lattice speci
heat has been attempted, but as the data are strongly
dependent and show no sign of a contribution toC}T3 out
to T58 K, the features we observe are evidently domina
by the spin degrees of freedom. In zero field,C shows a
broad maximum atT'4.5 K, below which it drops rapidly to

FIG. 2. ac susceptibilityx(T) of single-crystal CuHpCl with the
field oriented along thea andb axes. The curves differ by a sca
factor consistent with theg-factor anisotropy~Ref. 15!. The solid
lines are a fit to exact diagonalizations of theJ1-J2-J3 model.

FIG. 3. Magnetic specific heatC(H,T) vs T for CuHpCl. At
low fieldsC is suppressed at low temperatures because of the ga
magnetic excitations. AboveHc1'7 T, there is evidence for a
phase transition to an ordered state. The solid line shows the c
lated zero-field specific heat for a 14-site spin ladder with excha
constants chosen to account for the ac susceptibility data.
.
ity

eld

d

zero. As the field is increased (H53 and 5 T! the maximum
in C broadens and shifts to lowerT, indicating a transfer of
spectral weight to lower energies. The qualitative low-T be-
havior remains the same as forH50, however, as may be
seen from the semilogarithmic plot ofC versus 1/T of the
H50, 3, and 5 T data shown in Fig. 4. All three data s
approach straight lines in the limit 1/T→`, indicating that
C(T) is exponentially activated. The change in slope w
field indicates that the activation energy decreases with
creasingH. This may be quantitatively related to the closu
of the spin gap with field, as will be discussed in Sec. IV
below.

As H is increased further, the shift of spectral weight
lower energy continues as shown in Fig. 3. As the criti
field Hc1.7 T ~Refs. 14 and 15! where the gap closes i
passed, the curvature of the low-T data changes and first
shoulder and then a second broad peak appear atT'1 K.
Above Hc1, a cusplike anomaly also becomes visible on t
of this second peak. These low–T features are shown in
more detail in Fig. 5, where we plotC/T versusT2 for T
,1.4 K. The cusp can clearly be seen atH58 T and H
59 T, and below the cuspC(T)}T3. These features sugge
that aboveHc1 a phase transition occurs to a field-induc
ordered state. A cusp is not as clearly visible atH57.5 T,
but below the pronounced knee in that data setC(T)}T3,
indicating that at this field the system is also ordered.
contrast, forH56.6 T, at the lowest temperatures shownC
drops faster thanT3, suggesting the existence of a sma
gap.26 The inset to Fig. 5 shows theH-T phase diagram of
CuHpCl as determined from these data in combination w
our earlier field-dependent susceptibility measurements14 and
the magnetization data of Chaboussantet al.,15 which give
the points shown atT50. We note that this phase diagra
and indeed the overall features of the susceptibility and fie
dependent specific heat are quite similar to other gapped
chains, such as the alternating chain Cu(NO3)2•2.5 H2O.2

C. Neutron scattering

Figure 6 shows the normalized angular averageĨ (\v) of
neutron scattering from CuHpCl. The normalization

to

u-
e

FIG. 4. Semilogarithmic plot ofC(H,T) vs 1/T in the gapped
phase showing activated behavior with fits to a spin-ladder mode
described in the text. Inset: gapD determined from fits plus an
estimate of gap forH56.6 T ~Ref. 26!.
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Ĩ (\v) is as described in Eq.~9!, and the angular averag
was carried out over the full accessible range of the sca
ing angle 21°,2u,153°. The intense elastic peak aris
from incoherent nuclear scattering as discussed in Sec. II
the inelastic scattering for\v.2 meV comes from incoher
ent inelastic nuclear scattering. There is, however, als
broad peak for 0.8 meV,\v,1.4 meV, which we now show
is associated with magnetic scattering. To isolate this fea
we measured the incoherent nuclear scattering from 5.4
the nonmagnetic organic compound benzophenone~dibenzyl
ketone!. The material and the amount were chosen to ma
the total elastic cross section of CuHpCl and filled appro
mately the same volume as the CuHpCl sample. 33 mg
boron carbide was added to the benzophenone to match
absorption cross section of CuHpCl. The resulting integra
elastic intensity from the benzophenone sample was o

FIG. 5. C/T vs T2 at low temperatures, showingC}T3 below
the temperature of the ordering anomaly at high fields. Inset: p
tive phase diagram for CuHpCl based on specific-heat and ma
tization data~Refs. 14 and 15!, indicating the boundary betwee
one-dimensional~1D! disordered and ordered antiferromagne
~AF! phases.

FIG. 6. Normalized, angular-averaged inelastic neutr
scattering intensity for CuHpCl atT51.5 K ~solid circles!. The full
incoherent elastic peak~small circles! is shown reduced in magni
tude 1000 times. Also shown is the scattering intensity for b
zophenone~open squares!, used to measure the nonmagnetic ba
ground for21.5 meV<\v<2 meV.
r-

nd
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h
-
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d
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15% stronger than for CuHpCl. We applied a scale facto
the benzophenone data so that its integrated elastic inte
matched that of Ĩ (Q,\v) for CuHpCl. The angular-
averaged data for benzophenone are shown as open sq
in Fig. 6. As may be seen, the line shapes of the elastic pe
are indistinguishable, which allows us to use the benzop
none data to approximately subtract the low-energy nonm
netic contributions to the neutron-scattering intensity fro
CuHpCl. A small constant term of 0.03 meV per Cu w
added to ensure that the difference data for\v!2kBT av-
erage to zero as required by detailed balance.

The resulting difference dataĨ m(v) are shown in Fig.
7~a!. The only feature in these data above background is
peak centered at\v51.15 meV. To determine whether th
feature is magnetic or due to phonons, we measured the
tering from the CuHpCl sample atT520 K and subjected
those data to the same background corrections as the
temperature data. The result is shown in Fig. 7~b!. The 1.15-
meV peak broadens and a mirror image of it emerges
\v,0 as expected from detailed balance.23 This behavior
establishes that the difference data shown in Fig. 7~a! are
indeed magnetic and a measure of the angular-avera
magnetic-scattering intensity for CuHpCl:

Ĩ m~\v!5E
21°

153°

d2u Ĩ m~Q,\v!, ~11!

which is related toS(Q,v) through Eq.~10!. The data show
that magnetic scattering occurs only above a gapD'0.8
meV and that the bandwidth for the magnetic excitati
spectrum is 0.7 meV.

Having established the magnetic ‘‘density of states,’’ w
turn to the wave-vector dependence of the magne
scattering cross section, which contains information ab
spatial spin correlations. In Fig. 8 we show theQ depen-
dence of the magnetic scattering integrated over the rang
energies with appreciable magnetic signal:

a-
e-

-

-
-

FIG. 7. Magnetic, angular-averaged inelastic neutron-scatte
intensity for CuHpCl obtained after subtracting the nonmagne
background in Fig. 6. The reduction of the peak in~a! with increas-
ing T identifies it as due to spin fluctuations. The solid line in~a! is
the predicted intensity based on the spin-ladder model derived f
susceptibility measurements with no adjustable parameters.
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Ĩ m~Q!5E
0.8 meV

1.5 meV

\ dv Ĩ m~Q,\v!. ~12!

The limited sampling density and statistics do not allow us
clearly discern any features in the data. We note only tha
expected for magnetic scattering and not for inelastic sca
ing from phonons the intensity decreases with increas
wave-vector transfer. The lines through the data in Figs
and 8 result from a model calculation to be discussed bel

IV. DISCUSSION

A. Analysis of susceptibility data

In their pioneering work on CuHpCl,13 Chiari et al. sug-
gested that this material may realize the HamiltonianH of
Eq. ~1!. On the basis of high-temperature susceptibility d
alone, they were not able to place strong constraints on
possible models, although they concluded that the intradi
and interdimer NN interactionsJ1 and J3 are different, as
indicated in Fig. 1.

We have previously analyzed some of the data on
material in terms of the isolated dimer model@Eq. ~1! with
J350, J250#, the alternating near-neighbor model (J2
50, J3 /J1P@0,1#), and the next-nearest-neighbor mod
without alternation (J3 /J151, J2 /J1P@0.3,0.7#). None of
these provided a satisfactory fit to our powder susceptib
data.14 Chaboussantet al. analyzed their powder susceptibi
ity data in terms of both the alternating chain and the sp
ladder (J350) models, using high-temperature seri
expansions.15 While both models fit the data, from structur
considerations they concluded that the ladder is more lik
A comparison of their magnetization data with exact diag
nalization calculations for the ladder model27 found good
agreement forJ2 /J150.18, although additional improve
ment to the fit was found if a small ferromagnetic diagon
couplingJ3 was added.

To analyze our single-crystal susceptibility data, we c
ried out a systematic search of the parameter space o
Hamiltonian in Eq.~1!. We diagonalized chains up to leng
N514 for values of the exchange constants on a large gri
J2 /J1-J3 /J1 space. The calculated eigenvalues for ea
point were used to generatex(T/J1 , H50) on the interval

FIG. 8. Wave-vector dependence of the energy-integrated m
netic scattering for CuHpCl atT51.5 K. The solid line is the pre-
diction of the spin-ladder model.
o
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T/J1P@0.2,20#. Below T/J150.3, the results forN512 de-
viated from those forN514 by greater than 0.1%, due t
effects of the finite system size, and therefore only data
T/J1.0.3 were included in the fit described below. By tr
linearly interpolating in this 3D mesh of (T/J1 ,J2 ,J3), we
could generatex(T) for arbitraryJ1 , J2 , andJ3. The accu-
racy of this procedure was checked by comparing the in
polatedx(T) between mesh points against exact diagonali
tion at those same values. The difference was found to
less than 1 part per thousand. The parameter space was
strained by the measured upper critical fieldHc2

513.3 T, or

18.8 K,15 which occurs atgmBHc25max(J11J3, J112J2),
where the energy of the spin waves from the ferromagn
state change sign.

A simultaneous fit to both thea-axis andb-axis data in
Fig. 2 gavega52.15(1), gb52.04(1), J1 /kB513.26(4) K,
J2 /kB52.4(3) K, and J3 /kB51.1(6) K. The error bars
quoted correspond to the intervals over which the reducedx2

deviates by less than 1/Nf ree from its minimum value. Here
Nf ree is the number of data points minus the number of p
rameters in the fit. The results are shown as solid curve
the figure. The values of theg factors in our fits are consis
tent with the values determined by electron paramagn
resonance,15 and the values forJ1 andJ2 are in good agree-
ment with the analysis of the magnetization data, althoughJ3
on which our error bars are large differs in sign.

The fit indicates that the intrarung couplingJ1 exceeds the
interrung couplingJ2 by a factor of approximately 5. In this
strong-coupling limit the zeroth-order approximation to t
ground state is simply a chain of noninteracting rung sing
and the excited states are localized triplets at energy\v
5J1. Clearly this approximation is too coarse since it cann
account for the finite bandwidth of the magnetic excitati
spectrum, which is evident in the neutron-scattering d
@Fig. 7~a!#. We therefore must take the interrung couplin
into account and the most straightforward way to do this
through a perturbation expansion. Neglecting effects ofJ3,
the excited states then become propagating triplets wit
dispersion relation28

\v~ q̃ !5J1F11
J2

J1
cos q̃1

1

4S J2

J1
D 2

~32cos 2q̃ !

2
1

8S J2

J1
D 3

~2 cos q̃12 cos 2q̃2cos 3q̃23!

1OS J1

J2
D 4G , ~13!

where q̃5Q•u is the component of wave-vector transf
along the chain. For our ladder model the higher-order te
in Eq. ~13! are very small. For example,J1(J2 /J1)2

50.039 meV, which could be compared with the ener
resolution of our neutron-scattering experiment, which
dE50.12 meV FWHM. Therefore, we approximate the d
persion relation with

\v~Q!5J11J2cos~Q•u!. ~14!

The corresponding gap in the magnetic excitation spect
is

g-
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D5J12J2 . ~15!

B. Analysis of specific-heat data

To test the spin-ladder model we compare its predicti
with our specific-heat data. The solid line in Fig. 3 sho
C(H,T) for H50 T as calculated from the exact diagona
ization using the values ofJ1, J2, and J3 determined from
fitting the susceptibility data. Based on comparisons of
results of the calculation forN512 andN514, we expect
these results to accurately represent the specific heat o
infinite length spin ladder down toT52 K. The shape of the
calculated curve agrees well with the zero-field specific-h
data. However, throughout the temperature range shown
calculation predicts approximately 14% more specific h
than measured. It is unclear at present whether this disc
ancy is due to shortcomings of the ladder model for desc
ing CuHpCl or whether a small portion of the crystal eith
was of a different phase or was not in adequate thermal c
tact with the calorimeter.

To extract the field-dependent spin gap we examine
low-temperature limit of the specific heat, which is sensit
to long-wavelength, low-energy properties of the spin s
tem. If we approximate the dispersion relation by Eq.~14!
and neglect interactions between propagating triplet exc
tions, the zero-field specific heat in the low-temperature li
takes the form

C5
nR

2A2p
S D

kBTD 3/2AD

J2
exp~2D/kBT!, ~16!

measured in J/~K mol Cu! with n53 being the number o
low-energy modes in a Brillouin zone. The solid line throu
the zero-field data in Fig. 4 is a fit to this functional form.
yields D50.87(1) meV, which is close to the valueD5J1
2J250.93(3) meV predicted by the spin-ladder model.
we assume that the main effect of fieldsH,Hc1 on the
spectrum is to Zeeman split the triplet mode, then Eq.~16!
should remain a good description of the low-T behavior of
C(H,T), although bothn and D may now vary with field.
The fits shown in Fig. 4 forH53 and 5 T yield D
50.55(3) meV andn51.3(3), and D50.24(4) and n
50.6(2), respectively. This reduction ofn with field is
qualitatively consistent with spin splitting of the triplet, a
the lowest-energy band should dominate the specific hea
the rangekBT,D(H)/4 where these fits were done. The g
versus field determined from the fits is shown in the inse
Fig. 4 together with the estimated value of the gap atH
56.6 T.26 The observed reduction ofD with H is consistent
with the linear behavior expected for the Zeeman splitting
the triplet. The data in the inset are fit by the line show
which has a slope of22.09(1)mB , and extrapolates toD
50 atH57.2(1) T, in accord withHc1 determined by other
methods.14,15

C. Single-mode approximation toS„Q,v…

We now discuss to what extent the spin-ladder model
account for our neutron-scattering data. Exact diagonal
tion studies suggest that most of the spectral weight for m
netic excitations is associated with the resonant trip
s
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mode.29 Therefore, we use the single-mode approximat
that the dynamic spin-correlation function takes the form

Sab~Q,\v!5S~Q!d„\v2\v~Q!…da,b . ~17!

Two sum rules30 place further constraints onS(Q,v):

E d3QE \ dv(
a
Sa,a~Q,v!/E d3Q5S~S11!,

~18!

\2E v dv Sab~Q,v!5^†@H,SQ
a #,S2Q

b
‡&, ~19!

where

SQ
a 5

1

N(
R

SR
ae2 iQ•R. ~20!

From Eqs.~19!, ~17!, and~1! with J350 it can be shown tha

S~Q!52
2

3

1

\v~Q!
$J1^S2i•S2i 11&@12cos~Q•d!#

1J2~^S2i•S2i 12&1^S2i 21•S2i 11&!@12cos~Q•u!#%.

~21!

Hered andu are vectors connecting spins within a rung a
along an arm of the ladder, respectively, and^Si•Sj& are the
corresponding ground-state equal-time correlation functio
Because we are interested in the strong-rung-coupling l
we neglect interdimer correlations and adopt a simplifi
version of Eq.~21!,

S~Q!'2
2

3

J1

\v~Q•u!
^S2i•S2i 11&@12cos~Q•d!#.

~22!

In this approximation the coupling along the ladder is
flected only in the one-dimensional dispersion relati
\v(Q•u) of Eq. ~14!. Requiring thatS(Q,v) defined in this
way satisfies the total moment sum rule of Eq.~18! fixes

^S2i•S2i 11&52S~S11!@12~J2 /J1!2#1/2. ~23!

With the exchange constants determined from the susce
bility measurements, this gives a model that may be co
pared with the data of Figs. 7 and 8 with no adjustable
rameters.

After inserting Eq.~22! into Eq.~3!, the spherical average
may be computed exactly, yielding

S~Q,\v!52
2J1^S2i•S2i 11&

3Qu

3 (
Qi<Q

12J0~dsinaAQ22Qi
2!cos~Qidcosa!

\vA~J11J22\v!@\v2~J12J2!#

3Q~J11J22\v!Q„\v2~J12J2!…, ~24!

whereJ0(x) is a Bessel function,a555.4° is the angle be-
tween u and d,13 and theQi5(1/u)cos21@(\v2J1)/J2# are
the solutions of Eq.~14! at fixed \v. Convolution of Eq.
~24! with the instrumental resolution and summing over t
values of 2u used in the experiment gives the solid curve
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Fig. 7~a!. Several features of this curve are worth notin
First, the mean energy and bandwidth match the data q
well. This is to be expected since the ladder model after
was chosen to account for susceptibility data whose temp
ture dependence is controlled by these two features of
magnetic excitation spectrum. Second, the area under
data closely matches the area under the calculated cu
This indicates that the inelastic peak that we have dete
contains most of the magnetic neutron scattering to be
pected from the copper ions in CuHpCl.

The model does not, however, reproduce the shape o
data very well. The two peaks in the model correspond
singularities in the one-dimensional magnetic density
states at\v5J16J2. The data do not show these peak
being instead peaked near the center of the band. Note
inclusion of the interdimer correlations from Eq.~21!, which
were neglected in our approximate treatment@Eq. 22#, will
only make the agreement of model with data worse, as t
produce a contribution toS(Q,v) with a single peak at\v
5J12J2. This may be seen by settingd5u anda50 and
inserting the appropriate correlation function in Eq.~24!. We
also note that the data show an unexpected tail of scatte
intensity below the lower bound predicted by the mod
This is consistent with specific-heat data14 that show a gap
D50.87(1) meV, which is close to the gap seen fro
neutron-scattering data but less than the gapD5J12J2
50.93(3) meV predicted by the ladder model derived fro
the susceptibility data.

Figure 8 compares the data and the model calculatio
the Q-dependent energy integrated intensity@Eq. ~12!#. For
CuHpCl, this is the first comparison of data that is sensit
to the geometry of the spin system to predictions of the l
der model. The data bear no evidence of the maximum
l.
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ll
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Ĩ (Q) predicted by the spin-ladder model forQ'1.3 Å21,
which raises the question of whether the ladder model is
correct description of CuHpCl.

V. CONCLUSION

We have reported experiments on CuHpCl that estab
that this system has a gap in its magnetic excitation spect
and determine the magnetic bandwidth. Our susceptib
and specific-heat data can be accounted for in terms
spin-ladder model with intrarung couplingJ151.143(3)
meV and two mutually frustrating interrung interactionsJ2
50.21(3) meV andJ350.09(5) meV. Not surprisingly this
model reproduces the gross features of the magnetic de
of states as probed by neutron scattering. However,
neutron-scattering data do not show the Van Hove singul
ties or theQ dependence predicted by a single-mode
proximation to the excitation spectrum in a simple sp
ladder model. Van Hove singularities are almost inevita
for truly one-dimensional resonant modes. Possible expla
tions for their absence in our data are therefore interch
coupling, multimagnon excitations, or both. Further expe
ments, particularly neutron scattering on deuterated sin
crystals, are required to determine the detailed nature of
gapped spin excitations in CuHpCl and to definitively esta
lish the spin Hamiltonian for this interesting compound.
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