Final Exam, Introduction to Quantum Mechanics

December 15, 2004

Work all problems. Put each problem on a separate page, and be sure to put yow
name on all the pages. Points are assigned as indicated; it is in your interest to look over
the whole exam and work what seem to you to be the easiest parts first. Don’t get too

hung up on any one problem and waste all your time on that one, thereby neglecting the
rest of the exam.

Very Important Note: In many of these problems you are given actual numbers. You
must plug these numbers in to receive full credit. Please don’t cost yourself easy points
by forgetting to do this. Also, don’t set i = 1 unless I tell you explicitly in that problem
that you can.

Good Luck!!
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1. (15 pts.) Consider three particles, with spin quantum numbers s; = %, s = 1 and
s3= 3.

a. (5 pts.) What is the total number of states |s1s383; mimaomg)?

b. (6 pts.) Let the total spin be S = §1 + §g + §3. What are the possible eigenvalues of
the operator S27

c. (bpts.) Ifmy = w%, my = —1 and mg = —%, what are the probabilites that s takes

on each of its possible values?

2. (20 pts) The Hamiltonian for the simple harmonic oscillator is the sum of the kinetic
and potential energies,

.. R . 1 . 1 .
H=T(p)+ V() = %pi + —-2~mw2:z:2 .

Use raising and lowering operators to prove that in any energy eigenstate |n), we have

(T) =(V).

3. (15 pts.) Consider the operator W = £2p + pa?.
a. (5 pts.) Prove that 112 corresponds to a physical observable.
b. (10 pts.) Derive a lower bound on AW - Ap in a general state |1).

4. (30 pts.) Suppose we have a particle of mass m = 3 in a one-dimensional infinite square
well with walls at © = 0 and z = 27. The particle is in the ground state of the potential.

a. (5 pts.)] What are the wavefunction ¢(z) and energy E of this particle?
b. (10 pts.) Compute Az for this state.

c. (5 pts.) Now suppose that the wall at © = 27 is suddenly moved to z == 4x. What are
the energy eigenvalues of the new potential?

d. (10 pts.) What is the probability that the particle is in the first excited state of the
new potential?



5. (40 pts.) Suppose we have a spin-1 particle in the state |(0)) at time ¢ = 0. In the
z-basis, , in which S, is diagonal, |¢/(0)) is represented by

won=—=(2)-

a. (15 pts.) Compute AS; at t = 0.

b. (15 pts.) The Hamiltonian for this system is, in the z-basis,

m= (3 5)

Find the stationary states and the corresponding energy eigenvalues.
c. (10 pts.) Find |#(¢)} for ¢ > 0. In this part and the next you may set /i = 1.
d. (5 pts.) What is (S.) at t = n/57

6. (25 pts.) Consider the potential
Viz) = 26(z) + 56(x) .

Recall that 8(z) = 0 for £ < 0 and #(z) = 1 for z > 0. A plane wave of particles with mass
m = 2 and energy F =9 is incident fiom z = —oo. In this problem you may set i = 1.

a. (b pts.) What is the general form of the solution to the time-independent Schrédinger
equation in the two regions z < 0 and z > 0?7 How many arbitrary constants are there?

b. (10 pts.) What are the boundary conditions that must be imposed at z = £oo and
2 = 07 Apply them to your general solution.

c. (10 pts.) Find the transmission coeflicient T.

7. (25 pts.) Consider a particle of mass m = 4 moving in the potential

00 z <
Viz) =
2z z>0

Use the WKB approximation to estimate the ground state energy Fy. You may set fi = 1.



8. (30 pts.) This problem concerns a particle of spin 1.
a. (5 pts.) The particle is initially in a state |11) for which Syjw1) = —~R|i1). What is
the representation of |11} in the z-basis, in which §, is diagonal?

b. (15 pts.) What is the operator R(a) which rotates a general state |) by an angle «
about the 2 axis? Compute

[1h2) = R(m/2)la),

and express the rotated state in the z-basis. (Hint: expand |¢;) in eigenstates of R(c).)
Show that Sy|ta) = ~Fi|ths).

c. (10 pts.) Compute the 3 x 3 matrix R(x) in the z-basis.




