Quantum Mechanics 171.605: Problem Set 6

Due Friday, November 4, 2011 (in conference)

P-L Consider an arbitrary physical system whose four--dimel?,sionai state space is
spanned by a basis of four eigenvectors | j, i, > common to §~ and J, (j = Qor I;
—j < m, < + j), of eigenvalues j{j + 1)i* and ., such that:

JeVim, Y = B/j(j + 1) — mfm, £ 1) | fm, £ 1)
Lolii>=Jd.1h—i>=0
a Express in terms of the kets | j, m_ D, the eigenstates common {0 J* and
1., to be denoted by |j, m, >
b Consider @ system in the normalized state:
py=alj=lm=1)+plj=1m=0>
| +y]j=],m=¢-—-——3)+6[j=0,m:m0)

{{) What is the probability of finding 26 and 1t if J® and J, are
measured simultapeonsly ?

(if) Calculate the mean vatue of J, when the system is in the state | :}{ 3,
and the probabilities of the various possible results of a measurement bearing
only on this observable

(iii) Same questions for the observable J* and for J,

{iv) J is now measured; what are the possible results, their probe-
bilities, and their mean vajue?

?Z.Consider a system of angular momentum / = 1. A basis of its state space
is formed by the three eigenvectors of L_: |+ 13,03, | — 1), whose eigenvalues
are, respectively, + fi, 0, and — %, and which satisfy:

Ly md=0v2|mx 1)
Lyj1d=L_|~1)=0

This system, which possesses zn electric quadrupole moment, is placed in an electric
field gradient, so that its Hamiltonian can beé written:

=Woira 42
H"’ﬁ(Lu Lu)

where £, and L, are the components of L along the two directions Ow and Qu
of the xOr plane which form angles of 45° with Ox and O:; w, is a real constant.

o Write the matrix which represents # in the { [ + 1Y, IO), | — 1% } basis
What are the stationary states of the system, and what are their energies? {These
stales are to be written | E, >, | E. ), | E3 ), in order of decreasing energies )

b At time ¢ = 0, the system is in the state :

le>=;%H+4>—Iw1ﬂ

What is the state vector |(r) > at time 1? At 4, L_ is measured ; what are the proba-
bilities of the various possible results?

¢. Calculate the mean values (L, >(t), (L, >(¢) and (L 5(¢) at + What is
the motion performed by the vector (L)?

d At 1, a measurement of L? is performed

(¢} Do times exist when only one result is possible?

{if) Assume that this measurement has yielded the result i* What is the
state of the system immediately after the measurement? Indicate, without calcu-
lation, its subsequent evolution


zbt
Text Box
                   
               Due Friday, November 4, 2011 (in conference)


.}75,1_6.[ d be the angular momentum operator of an arbitrary physical system
whose state vector is | >

a Can states of the system be found for which the Footi-mean-square
deviations 4J,, 4J, and 4J, are sitnultaneously zero?

b Prove the relation:
h
44, 47, 2 ~2~|< I, 51

and those obtained by cyclic permutation of x, y, z

Let {J) be the mean value of the angular momentum of the system. The
Oxyz axes are assumed to be chosen in such a way that (J_ > = ¢ J,? = 0 Show
that:

AP+ ALY 20 (< T,

¢ Show that the two inequalities proven in question b. both become equalities
ifand only il 7, [ > = O o1 J_ l[#>=0
d The system under consideration is a spinless particle for which

J =L =R x P Show that it is not possible to have both 4L, dL, = -;—1] (L.>|

and (dL.F + (ALY =R|CL, >| unless the wave function of the system is of the
form:

Wir, 8, @) = Flr, sin § ex'»)





