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Landau Levels and Quasiparticle Spectrum of Extreme Type-II Superconductors
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At high magnetic fields and low temperatures, numerous extreme type-II superconductors exhibit
Landau quantization of electronic motion. We present an analytic construction of the quasiparticle
spectrum in this regime, based on the high-field expansion. The spectrum is gapless and is separate
from the familiar low-field regime by a quantum level-crossing transition. Such low energy excitations
should lead to observable effects in thermodynamics and transport. [S0031-9007(97)05116-8]
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Recent observations of the de Haas–van Alphen (dHv
oscillations in many extreme type-II superconducting m
terials [1] clearly indicate the presence of Landau lev
(LL) quantization within a high-magnetic fieldsHd, low-
temperaturesT d “pocket,” surrounding theHc2s0d point in
the H-T phase diagram (Fig. 1). The size of this pock
in conventional type-II systems (like Nb) is expected t
be negligible. This is so because, within the BCS th
ory, the scale of the cyclotron splitting between LLs ne
Hc2s0d, vc , vc2s0d ; eHc2s0dympc, is set by the con-
densation energy,T2

c0yEF , and should be much smaller
than either the thermal smearing,T or the gapDsT , Hd,
the scale for both beingTc0. Additional smearing due to
disorderG makes this tiny pocket effectively irrelevant. In
clean, intrinsically extreme type-II systems, the situation
significantly different. Wedefinethe extreme type-II sys-
tems as those with the slope of the upper critical field
Tc0, H 0

c2 $ 0.3 TyK [3]. In such systemsvc2s0d is com-
parable to Tc0 and there is a large pocket in the phas
diagram in which the LL structurewithin the supercon-
ducting phase is well defined; i.e.,vc . DsT , Hd, T , G.
Numerous superconductors belong to this extreme type
family: high-Tc cuprates,A15’s, boro-carbides, many or-
ganics, etc. The boundaries of the “extreme” pocket,Hp

andT p, defined byvc , DsT ­ 0, Hd andvc , T , ex-
tend toH as low asHp , 50%Hc2s0d and T as high as
T p , 30%Tc0 (Fig. 1) [1].

Within this extreme pocket the solution to the superco
ducting problem must fully incorporate the LL structur
of the normal state. This leads to a set of Bogoliubov
de Gennes (BdG) equations for the LL quantized quasip
ticles in the presence of the gap functionDsrd, describing
the Abrikosov vortex lattice [2,4]. There are two mai
sources of difficulty in solving these equations. First, th
number of LLs involved in the pairing is typically 40–
100 and the matrix elements of the gap function betwe
these states,Dnmsqd, are in general quite complex. A
more serious difficulty, however, is that the basis which d
agonalizes the BCS Hamiltonian involvescombined“ro-
tations” both in the Nambu spaceand the LL basis. To
illustrate why this fact seriously impedes analytic progre
we first note that, to the leading order inDyvc ø 1, the
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quasiparticle excitation spectrumnear the Fermi surface
(FS) can be found exactly:E ­ 6

p
´nskzd2 1 jDnnsqdj2

[2]. It is tempting to generalize this and conclude that th
full solution takes the formE ­ 6

p
S2

n̄n̄ 1 jDn̄n̄j2, where
Sn̄n̄sq, kzd andDn̄n̄sq, kzd are the normal and pairing self
energies, respectively. The physical meaning of such a
lution would be that we first rotate the LL basis,hnj ! hn̄j,
and then diagonally pair up these new “normal” quasipa
ticles. This would lead to a simple description, suitable f
applications of our standard theoretical machinery. Unfo
tunately, this conclusion would be incorrect: Beyond th
leading order, the full solution cannot be put in the abo
simple form as the normal and “pairing” self-energies ca
not besimultaneouslydiagonalized [5]. This leads to a
loss of physical transparency and makes it difficult to i
terpret results in familiar terms. Most of the work beyon
leading order has been numerical [2,4,6,7].

In this Letter we introduce an analytic approach whic
allows for a transparent and systematic evaluation of c
rections to the leading order results. The basic idea c
be illustrated by an example of an interacting Fermi li
uid: There various properties are in general very difficu

FIG. 1. Density of states (DOS) (in arbitrary units) for sever
values ofD (see text). The inset shows the extreme pock
(shaded area).
© 1998 The American Physical Society 1521
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to evaluate. However, as long as we are interested in
low T thermodynamics and low energy transport, the
properties can be accurately described by thequasipar-
ticle representation of the excitations near the FS. Th
leads to the lowT thermodynamics which is in one-to-one
correspondence with that of noninteracting fermions, b
with a modified dispersion relation and a reduced spe
tral weight. In this paper, we construct such a “quasipa
ticle” representation of the present problem. Of cours
there are no interactions in our case but our aim is sim
lar. The original partition function is replaced by the on
of quasiparticles whose energiesdo havethe desired form

E ­ 6

q
˜́ 2

nn 1 Z2jD̃nnj2, and which faithfully represents
the low T (or low energy) properties of the original prob-
lem. Here˜́nnsq, kzd andD̃nnsq, kzd are therenormalized
normal and pairing self-energies andZ is the quasiparticle
renormalization factor. All can be computed to the de
sired accuracy inDyvc from a general expression which
we provide. Using this quasiparticle representation we d
rive the following results: First, we evaluate the lead
ing order corrections to normal and pairing self-energie
and find that they are of order,D2yvc and,D3yv2

c , re-
spectively. Therefore, forDyvc ø 1, the features of the
spectrum obtained in the leading order are only moderat
affected. In particular, we show that the quasiparticle e
citations remaingapless to all orders in perturbation the-
ory until Dyvc exceeds a certain critical value. AsDyvc

increases furthersH , Hpd, the original LL structure is
obliterated by strong LL mixing induced by off-diagona
Dnm ’s. This exact result shows that thegapless“extreme”
pocket is truly a novel state of type-II superconductors an
is separated from thegappedlow-field mixed phase by a
quantum level crossing transition. In this context, we poi
to an important difference between 3D and 2D system
We next present our numerical results for the excitatio
spectrum and find that they are in agreement with the an
lytic results. We hope to inspire experiments which cou
test our results and provide novel insight into the physi
of high-field, extreme type-II superconductors.

Our starting point is the BdG equations:

EuN
kz ,q,n ­ ´nskzduN

kz ,q,n 1
X
m

DnmsqdyN
kz ,q,m ,

Ey
N
kz ,q,n ­ 2´nskzdyN

kz ,q,n 1
X
m

Dp
mnsqduN

kz ,q,m ,

(1)

where´nskzd ; h̄2k2
z y2m 1 nh̄vc 2 m, n is the LL in-

dex, h̄vcy2 has been absorbed into the chemical potent
m, q is the magnetic wave vector, andkz is the wave vec-
tor along the field direction [2].Dnmsqd ­

P
j D

j
n,msqd is

the matrix element ofDsrd ­
P

j Djsrd [8] between elec-
tronic statesskz , q, nd ands2kz , 2q, md [2]. N is the num-
ber of LLs which participate in pairing. The solution o
the above equations gives the quasiparticle states and
energy spectrum within the superconducting phase.

As one crosses into the superconducting state andD

becomes finite, there are both perturbative and nonpert
1522
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bative effects in Eq. (1). We first isolate the nonperturb
tive part by noticing that the particle bands (u bands) with
the LL indexn1 ­ n 1 p and the hole bands (y bands)
with the LL index n2 ­ n 2 p sp ­ 0, 61, 62, . . .d
cross at energiesph̄vc whenever kz ­ 6kFn ;p

2msm 2 nh̄vcd, wherekFn are the Fermi wave vectors
of different quasi-one-dimensional LL bands. Additiona
band crossings take place at energiessp 1 1y2dh̄vc and

for kz ­ 6

q
k2

Fn 1 mh̄vc. At the band crossings nea
kz ­ 6kFn the matrix elementsDn1p,n2psqd must be
treated by a degenerate perturbation theory. The sa

is true for Dn1p,n212psqd near kz ­ 6

q
k2

Fn 1 mh̄vc.
The effect of all other matrix elements,Dn1p,ns21d2p0 sqd
sp fi p0d, is purely perturbative and can be computed b
an expansion inDyvc. Near Hc2, where Dyvc ø 1,
that effect is small and we obtain the analytic form for th
BCS spectrum nearkz ­ 6kFn:

En,p ­ ph̄vc 6

q
´nskzd2 1 jDn1p,n2psqdj2 , (2)

wherep ­ 0, 61, 62, . . . . A similar expression holds for

the spectrum aroundkz , 6

q
k2

Fn 1 mh̄vc. Typically,
we are interested in the quasiparticle spectrum when
discuss lowT (or low energy) properties; i.e.,sT , vd ø
DsT , Hd , vc. In that case only the quasiparti
cles near the FS are important,kz , 6kFn and
p ­ 0, and it suffices to consider only theEn,p­0 ­
6

p
´nskzd2 1 jDnnsqdj2 bands. The excitations from

p fi 0 bands (2) are gapped by energies which are t
high, En,pfi0skz , 6kFnd , ph̄vc, and their contribu-
tion to the quasiparticle thermodynamics is negligib
at low T fT ø DsT , Hd ø vcg. This is the content of
the “diagonal approximation” (DA) for the excitation
spectrum [2,9].

The main issue addressed in this paper is how
go beyond Eq. (2) analytically. As one moves furth
below Hc2, Dyvc increases (while stillø1) and the
corrections coming fromDn1p,n2p0sqd sp fi p0d must
be included. Apedestrianperturbation theory, starting
from (2), leads to expressions whose physical conten
difficult to analyze. The reason is that (2) already involv
a full Nambu rotation. Consequently, all other term
generated by the pedestrian perturbation theory are fu
Nambu rotated. This makes it impossible to disentang
the normal from the “pairing” part of the problem [5]
In contrast, our standard theoretical machinery works b
when we can neatly separate the normal from the pair
part. We propose here a different method of computi
the excitation spectrum. Consider the partition functio
specified by the solution of BdG equations (1),Z ­Q

v,q,kz
Zsiv, q, kzd, where

Z ­
Y

n

Z
dcn dc̄n exp

"X
n,m

c̄nsivI 2 H dnmcm

#
.

(3)
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Here the set of Grassman variableshun, ynj siv, q, kzd rep-
resenting the particle (hole) bands of (1) has been
ranged in spinors̄cn ; sūnȳnd. I andH sq, kzd are two
2N 3 2N matrices which are, respectively, a unit matri
and a Hamiltonian whose form is evident from the righ
hand side of Eq. (1).hvj is the set of fermionic Matsub-
ara frequencies. Note thatZsiv, q, kzd is a determinant of
a matrix,Z ­ detkivI 2 H k. When analytically con-
tinued, this is precisely the secular determinant of the Bd
equations (1). Thus, the solutions for quasiparticle en
gies in (1) are the zeros ofZ siv ! E, q, kzd.

Within our extreme pocketfT ø DsT , Hd ø vcg the
main contributions toZ come fromkz , 6kFn andEn,p­0

bands. In order to evaluateZsiv, q, kz , kFnd we first
integrate out allcn,pfi0siv, q, kz , kFnd in (3):

Z ­ Zpfi0

Z
dcn,0 dc̄n,0 expfc̄n,0sivI 2 H̃ d00cn,0g .

(4)
Zpfi0siv, q, kz , kFnd is what one gets from (3) with
the En,p­0 bandexcluded. It describes the contribution
to thermodynamics arising from all other bands,En,pfi0,
by themselves. Sincep fi 0 bands are far from the FS,
En,pfi0sq, kz , kFnd , ph̄vc, such contributions are ac-
tivated, i.e.,,exps2ph̄vcyT d ø 1, and their contribu-
tion is very small. Thus, the dominant contribution come
from detksivI 2 H̃ d00k. HereI00 is a2 3 2 unit ma-
trix while H̃00 ; H 0 1 H 0 is a 2 3 2 Nambu matrix.
The diagonal elements ofhH 0, H 0j siv, q, kz , kFnd are
h6´nskzd, 6Snnsiv, q, kzdj while the off-diagonal ones
arehDnnsqd, Dnnsiv, q, kzdj and their complex conjugates
(c.c.). By itself,H 0 determines the spectrum of quas
particles at the FS (described bycn,p­0) in the DA (2).
H 0 is a correction arising from coupling to other spino
bandscn,pfi0, with Snn andDnn being the normal and pair-
ing self-energies, respectively. Since thep fi 0 bands are
separated from the FS byph̄vc, these self-energies con
tain denominators,ph̄vc and are small forDyvc ø 1.
The explicit form is obtained from

H 0 ­
X
pfi0

X
p0fi0

H0psivI 2 H d21
pp0Hp00 . (5)

H0p is a 2 3 2 Nambu matrix whose diagonal element
are zero and off-diagonal onesDn,n1psqd and its c.c. The
resolvent appearing in (5) is that of the BdG system (1) f
kz , kFn but with thep ­ 0 spinor band (2) excluded.

Up to this point there are no approximations and th
expression forH 0 is formally exact. The problem is that
the resolvent for thep fi 0 bands involves inversion of a
large matrix. However, forD ø vc, the resolvent can be
calculated perturbatively, to a desired accuracy inDyvc.
In this way we obtain the leading order corrections:

Snn ­
X
pfi0

jDn,n1psqdj2

iv 1 ´n1pskzd
;

Dnn ­
X

pfi0,p0fi0

Dn,n1psqdDp
n1p,n1p0s2qdDn1p0,nsqd

fiv 1 ´n1pskzdg fiv 2 ´n1p0 skzdg
.

(6)
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Snnsiv, q, kzd andDnnsiv, q, kzd are the normal and pair-
ing self-energies, respectively. They have a frequency
pendence arising from the coupling to thep fi 0 spinor
bands through the matrix elementsDn,n1psqd. We can
view them as self-energies of some “interacting” syste
and proceed to construct the quasiparticle representa
of (3). This construction uses aFermi surface expan-
sion of (6). First, we determine therenormalizedquasi-
particle energies from̃́ nnsq, kzd ­ ´nskzd 1 Snnsssiv ­
˜́nnsq, kzd, q, kzddd. To the leading order inDyvc

˜́nnsq, kzd ø ´nskzd 1
X
pfi0

jDn,n1psqdj2

pvc
. (7)

We also evaluate the quasiparticle renormalization fac
Z21

n ; 1 2 ≠Snny≠ivjiv­ ˜́nn
; to the leading orderZn ø

1 2
P

pfi0 jDn,n1psqdj2yp2v2
c . Similarly, we can com-

pute the “renormalized” shape of the FS. The renormaliz
Fermi velocity is given by

ỹFnsqd
yFn

ø 1 2
X
pfi0

jDn,n1psqdj2

p2v2
c

. (8)

˜́nn and ỹFn determine quasiparticle DOS at the FS a
their q dependence describes the “broadening” of LLs by
the potential scattering induced through the spatial nonu
formity of Dsrd. This effect issecondaryto the leading
pairing-induced “splitting” of LLs in Eq. (2). Finally, the
renormalized pairing matrix element at the FS

D̃nnsqd

­ Dnnsqd 2
X

pfi0,p0fi0

Dn,n1psqdDp
n1p,n1p0s2qdDn1p0 ,nsqd

pp0v2
c

.

(9)

This quasiparticle construction is not an ordinary pe
turbation theory. It keeps the normal and pairing se
energies separate by postponing the Nambu rotation u
the last step. It can be viewed as aquasiparticle repre-
sentation of the BCS quasiparticle spectrum.

The above construction can be carried out to any des
degree of accuracy inDyvc, although the amount of al-
gebra rapidly increases. Certain general statements, h
ever, can be made. In particular, the excitation spectr
determined by the BdG equations (1) isgaplessin a finite
interval Dyvc [ f0, xcg, where xc fi 0 is some critical
value. This property can be demonstrated by noticing fi
that allDnmsqd have a set of common zeros whose locati
in theq space depends only on whethern 1 m is even or
odd. These are so-called Eilenberger zeros,hqE

i j [2]. In
the leading order (2) the gap is determined by the dia
nal matrix elements,Dnnsqd, and it vanishes atq ­ qE

i
as well as at numerous other pointshqnn

j j within the mag-
netic Brillouin zone (MBZ). As the matrix elements cou
pling differentcn,p ’s are turned on, it is clear from (5) tha
Dnnsq ­ qE

i d involves only terms with anoddnumber of
matrix elementsDn1p,n1p0sqd, i.e.,

Dnn , Dn,n1pDn1p,n1p1 Dn1p1,n1p2 · · · Dn1pk ,n . (10)
1523
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Note now that it is impossible to form such a string (10
of odd number ofD’s without at least oneDn1p0,n1p00sqd
having n 1 p0 1 n 1 p00 even. But such a matrix ele-
ment also must vanish at the samehqE

i j asDnnsqd. Con-
sequently, at these points,q ­ qE

i , the spectrumremains
gapless. This statement is correct toall orders in per-
turbation theory and therefore is exact as long as pertu
bative expansion itself is well defined. We expect tha
the radius of convergence of the perturbative expansi
extends fromDyvc ­ 0 to Dyvc ­ xc , 1 [2,10]. At
this critical point, the perturbation theory breaks down du
to band crossings between neighboring LL branches. F
Dyvc . xc the gaps open up athqE

i j signaling the destruc-
tion of the LL structure by strong mixing due to increasin
D. Ultimately, forDyvc ¿ xc, there is a crossover to the
low-H regime of minigapped states in well-separated vo
tex cores [2], as established by Normanet al. [4]. This
phenomenon of band crossings and disappearance of g
less excitations has already been noticed in numerical s
lutions of the BdG equations [2]. Here we elucidate it
physical origin through analytic arguments.

We now compare our analytic results with the numeric
solution of the BdG equations (1). Such a solution is ver
time consuming in the 3D case so we have solved (1) f
the 2D case. Our analytic results can be adapted to t
2D case but with one keydifference: In a 2D system the
FS is aline, not asheet. Consequently, the gapless and
“near” gapless points in the MBZ might not be located o
the FS. In contrast, the Fermi “sheet” of a LL quantize
3D material containsall of the MBZ. As a result, the
gapless character of the excitation spectrum will be le
pronounced in 2D systems even though the effects of L
quantization itself are more in evidence there than in qua
3D materials. This difference between 3D and 2D system
should lead to observable effects in dHvA oscillation
[2,4,11], thermodynamics, and transport.

We obtain the spectrum as a function ofD for different
nc ; myh̄vc. The eigenvalues are grouped in pairs cen
tered around the LL energies. AsD grows, the bands start
to broaden until eventually the gap between them goes
zero and the band crossing occurs. We fixedm such that
hqE

i j points remain gapless. In 2D, ifm is adjusted so that
an originally gapless point in the MBZ (2) is on the FS
then the gap opened by the off-diagonal terms should
due to the pairing term and thus,D3. In general, how-
ever, the normal contributions atq ­ hqnn

j j gapless points
are finite and their gaps will be,D2. A fit of the nor-
mal and pairing self-energy contributions forq ­ qnn

j as
a function ofm shows that there is a value ofm for which
the coefficient of theD2 term vanishes and therefore close
to this point theD3 term prevails. This provides a criterion
for locating the “renormalized” 3D FS at allhqE

i , qnn
j j [10].

The shape of the density of states at low energies
determined by the first and second order zeros. The ex
DOS for smallD and DOS within the DA are basically
equal sinceDyvc ø 1. There is therefore a large DOS a
low energies. AsD grows a gap appears in 2D. Yet, ifm is
1524
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set to emulate 3D, the DOS remains similar to the DA. As
nc grows, the region over which the DOS spreads become
a smaller fraction ofD, since the number of zeros grows
with nc and the effect of the off-diagonal perturbations
decreases, likely due to large cancellations in (7). In Fig.
we show the DOS fornc ­ 40 andN ­ 10 [2,4] for the
values ofD ­ 0.01, 0.5, 4. The energy is rescaled byvc.
The nearly diagonal case,D ­ 0.01, andD ­ 0.5 appear
very similar. They both show a linear dependence in th
DOS indicating qualitatively the same behavior. The cas
D ­ 4 is qualitatively different. A gap is appearing at low
energies and the next band has a small gap to the lowest o
indicating that band crossing is imminent. These result
demonstrate that within our pocketsH . Hp, T , T pd the
DOS is qualitatively similar to the DA and gapless and
nearly gapless pointshqE

i , qnn
j j still dominate low energy

properties.
Our results have observable consequences for a bro

range of thermodynamic and dynamic properties. Specifi
heat, ultrasound attenuation, STM and other forms o
tunneling, and many other phenomena will exhibit power
law-like behaviors, characteristic of low-energy BCS
quasiparticles. All these diagnostic tools can be used t
explore the extreme pocket, identify gapless behavior, an
test our prediction that the high- and the low-field regime
of type-II superconductors differ in this essential respect.
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