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Thermodynamic quantities in quasi-2D type-1I superconductors exhibit characteristic scaling be-
havior for high fields in the critical region around He2(T"). Using a nonperturbative approach to the
Ginzburg-Landau free energy functional, the scaling functions for the free energy, magnetization, en-
tropy, and specific heat are evaluated in a closed form. The experimental data for BizSroCazCuzOio
are presenfed which are in agreement with the theoretical results.
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The properties of type-II systems have recently been
under intense study, particularly in connection with
high-temperature superconductors (HTS). A fundamen-
tal problem in this field is that of critical behavior arising
from thermal fluctuations. Several experiments point to
the importance of fluctuations in the thermodynamics of
HTS [1-6]. In a recent experiment, Welp et al. (3] ob-

served that the superconducting contribution to the mag- -

netization and resistivity of YBasCuzOr crystals displays
three-dimensional (3D) scaling behavior in the variable
[T — T.(H)])/(TH)*? around the critical temperature in
the general vicinity of the upper critical field Heo(T). Li
and Suenaga [6] noticed that the magnetization of highly
anisotropic BisSraCasCuz0io crystals near critical tem-
perature can be described by the 2D version of the scal-
ing function in the variable [T — T.(H)]/(TH)Y/2. The
scaling indicates that the problem of fluctuations near
H(T) can be represented .in terms of the Ginzburg-
Landau (GL) field theory on a degenerate manifold
spanned by the lowest Landau level (LLL) for Cooper
pairs (we call it the GL-LLL theory). The GL-LLL de-
scription of fluctuations near ch(T) is formally valid
if the (H,T) point lies above the H(T") line given by
HT) = (1/3)Ha(T) + (VB/3)[E(T) Ha(0)T/Te0] "7,
where 0 <« 1 is the Ginzburg fluctuation parameter (see
below). Below H(T') the interaction term in the GL the-
ory is larger than the cyclotron gap of Cooper pairs and
the fluctuations from excited Landau levels become sig-
nificant. The GL-LLL description is valid everywhere in
the critical region around H.»(T") except for the area of
size ~ 8 < 1 surrounding [H = 0,T = Tp).

The scaling property of GL-LLL theory for a quasi-
2D superconductor implies that the free energy F(T, H)
near Heo(T) must be of the form F(T, H) = TH f(At),
where f(At) is a scaling function of variable ¢t = [T —
T.(H))/(TH)? and A is a constant [7]. The function
f(z) is known only in the limit z >> 1, where perturba-
tion theory can be used to account for the fluctuation
contribution to the free energy. Various extrapolation
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schemes have been used in the past to reconstruct the

form of f(x) outside the perturbative regime (z > 1),

and, in particular, in the crossover region around z = 0

[Hco(T) line]. These schemes include the diagrammatic

approach, [8] Padé and Borel-Padé approximants to the

perturbation series [9], and possible connection with a

simple 0D GL theory in zero field. Recently, a nonper-

turbative approach to this problem has been developed
in Ref. [10]. In this Letter we use this approach to solve
for the thermodynamics of quasi 2D type-II supercon-
ductors in the vortex phase and derive an explicit form
for f(z). After introducing the correct collective vari-
ables, the overall amplitude of the order parameter ¥(r)
and positions of vortices, we proceed to perform the in-
tegration over the overall amplitude exactly [10]. As a
résult, the correlations among vortices affect thermody-
namics through interaction which can be thought of as
an analog of the Abrikosov parameter B4 for arbitrary
configurations of vortices [10]. Such interaction depends
only weakly on vortex configurations, an example being
the well-known small difference between (4 for a trian-
gular and a square lattice. Neglecting the dependence
of the generalized Abrikosov parameter on vortex corre-
lations we find explicit closed form expressions for the
scaling functions f(z) for free energy, as well as for mag-
netization, entropy, and specific heat. Our theoretical
results are in very good agreement with the experimen-
tal magnetization data for BisSraCasCuzO;g obtained in
the high-field regime where the GL-LLL description and
corresponding scaling behavior are valid [5, 6].

For our purposes it suffices to study a 2D system. The
description of fluctuations in superconductors with weak
Josephson coupling between the layers is based on the
2D GL functional at all temperatures except in a narrow

- interval near T, where the fluctuations have a 3D char-

acter. This temperature interval of 3D fluctuations AT
can be roughly estimated by comparison of the Josephson
coupling energy with the intralayer condensation energy.
This gives the condition &.(T") =~ s where & (T) is the
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correlation length along the ¢ axis {perpendicular to the
layers) and s is the effective interlayer spacing. One ob-
tains AT = T,£2,(0)/5%y? where £,;(0) is the correlation
length along the layers (in the ab plane) extrapolated to
zero temperature, and 7y is the anisotropy ratio. For Bi-
based superconductors with anisotropy < as high as 55 in
the case of BisSroCaCus0g and 31 in BizSryCasCuzOig
[11] with £43(0) ~ 20 A and s = 20 A, the region of 2D-
like behavior of fluctuations covers practically all tem-
peratures of interest.

We consider the limit & > 1 and ignore the fluctua-
tions of the magnetic field (this is an excellent approxi-
mation in HTS where s ~ 102). The essential features of
the critical behavior are then described by the partition
function

Z = DU(r) exp [;:;— /dr{—ELI\If(r){2 — %bl\l’(r)l‘i}] )

Ho
1)

where @ = a(T')[1 — H/H(T))], a and b are the GL coef-
ficients, a(T) = a'(T — Tw), and the functional integral
is to be taken over the subspace Hy spanned by the LLL.
It is supposed that higher Landau levels are taken into
account by renormalization of the GL parameters a(7T')
and b, and these parameters differ from the original ones

‘appear zero dimensional.

Landau levels. For H > H(T) this contribution is small,
of order 62 and @ for 4(T") and b, respectively.

The confinement to the LLL eliminates gradients in
the plane perpendicular to H. This leads to the enhance-
ment of fluctuations near H.o(7") through a dimensional
reduction [12]: At the perturbative level the fluctuations
The critical behavior of the
GL-LLL theory (1), however, is deeply nonperturbative
due to the constraint ¥(r) € Hp. To study this behav-
ior we use the symmetric gauge to write ¥(r) in LLL
subspace as [10, 13]

N
U(r) = 8 [J(2 - =) exp(—|2*/9) , (2)

where z = (z +y)/l, 12 = ¢p/2nH, N = SH/¢y is
the number of vortices, and S is the total layer area.
Variables {z;} (positions of vortices) and ® (overall am-
plitude) are the correct collective modes of the GL-LLL
theory (1). The partition function in Eq. (1) can now be
written in terms of these new modes. The crucial point is
that the integration over ® in Eq. (1) can be carried out
exactly in the thermodynamic limit N — oo [10]. This
recovers the crossover to the low-T" saddle point which
controls the thermodynamics in the critical region and
which is beyond the reach of perturbative expansions.

for the GL model for H =0 due to contribution of higheil The integral in question is

/oo dl@]zléPN exip'(—2a]<I>|2 - 3®*) « vV Nlexp[—a? — av/a? + N-— Nsinh_l(a/\/ﬁ)] , 3)
0

where a? + N > 1 is assumed. Note that |®|2N arises from the Jacobian of the transformation implicit in Eq. (2)

[10]. This finally leads to the partition function

w1 H e (f"‘)_N/zHIzl—zglzexp[zNV2 INV/VE 12 - Nsinh™(V/v/3)], 4

z<]

where V({2;}) = gU({#:}) and

() = [ o exp(-ple /) [ sl

The partition function (4) describes the thermodynam-
ics of dense classical vortices. The important point is that
the field and temperature dependence enter through the
coupling constant g in front of the multiple-body config-
uration interaction U({z;}) = f2/(F%)Y/2 only. This vor-
tex interaction U is simply 1/+/Ba, but with Abrikosov
parameter G4({2;}) evaluated for arbitrary configura-
tions of vortices.

Now we use the fact that major rearrangements of vor-
tices lead only to rather small changes in 84. For exam-
ple, as is well known, the difference in 54 for a triangular
and (locally unstable) square lattice is only a few per-
cent. Only collapsed or exploded zeros, which are highly
improbable configurations; can change 84 and U signif-
icantly. This is confirmed by evaluating the thermody-
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U({z})

=P/F, g =ta(gos/2)"". ®)

—

namic average (U) in the perturbative limit g > 1 where
one expects (U) to be smallest. The result is (U) = 1//2
in this limit. Thus, over the full range of g, (U) changes
from 0.707 to 0.928, the latter corresponding to the tri-

~angular lattice (g — —oco limit). We therefore expect

that simply replacing U in Eq. (5) by a z;-independent
value Up (= (U)) should be a very good approximation
for all temperatures and fields where the scaling itself
is valid. The essential physics is that the variation in
thermodynamic functions through the critical region is
caused primarily by the rapid change in |®|?; In our non-
perturbative approach this part of the problem is treated
exactly. The change in U is comparatively very slow and
is quantitatively less important. Up should be chosen to



VOLUME 69, NUMBER 24

PHYSICAL REVIEW LETTERS

14 DECEMBER 1992

interpolate smoothly between the two limits: Here we ~

simply use Uy = 0.9 far below Ho(T), Up ~ 0.8 around

Ho(T), and Uy = 0.7 far above Heo(T) [14]. After set-
ting U = Uy the t-dependent part of Z can be found
easily. Using this approximation we finally obtain the
scaling functions for free energy density, magnetization,
entropy density, and specific heat:

ﬂ%§%%=ﬂ@’x=M:A=d@wmwﬂm,
(@) = -3 + 1av/2? + 2 + sinh ™ (z/v2), (6)
M%) 3¢(1-4.Hc2 — _f’(m) =1 —Vz2+ 2, ) (7)
UE/H—T ﬁ) = \/_ 242, ()
D)1 = 10 =1~ g ©)

where Hly = |dHep/dT| at T = Teo. In deriving (7),
(8), and (9) from the free energy in Eq. (6) we have kept
only the leading derivatives. It is evident from the form of
scaling functions in Eqgs. (6)—(9) that the critical behavior
of the GL-LLL model in 2D is different from the 0D GL
model [15].

The comparison to experiments indicates that the
present form for f(z) is quite accurate (see below). This
approach, however, describes only the “smooth” ther-
modynamics and cannot be used to extract information
about the liquid-solid phase transition which was found
to take place at g = gar ~ —7.5 [10]: For this transition
the dependence of U on z; is crucial. We note that it is
this weak dependence of the generalized 84 on z; which is
responsible for the absence of a strong phase transition
at the melting point (this is in agreement with experi-
mental observations: Up to now singular behavior at the
melting point was not observed in any thermodynamic
quantity).

The thermodynamic functions for magnetization and
entropy given in Eqs.(6)—(9) have the following remark-
able property: Both M(H,T) and o(H,T) are indepen-
dent of H at temperature T*, ie., all M(T) or o(T)
curves for different H cross at the point T™*:

To—T* _ bHl,
T*  a2¢gsUg -~

(10)

We note that both the scaling form of magnetization (or
entropy) and the existence of the crossing point (10) nat-
urally lead to the function f/(z) = —z + v/z2 4 2. Thus
the existence of the crossing point in the scaling regime
is a direct consequence of the weak dependence of the
generalized Abrikosov parameter 84 (i.e., the vortex in-
teraction U) on coordinates of vortices. The crossing
point T* lies in the region of strong (critical) fluctua-
tions, the right-hand side of Eq. (10) being the Ginzburg
fluctuation parameter @ for quasi-2D superconductors.
The magnetization at the crossing point is

M(T*) =T* /s . ()

Thus the ratio M (T™*)/T* gives direct information on the
effective interlayer spacing s. We note that this param-
eter coincides with the distance between layers given by
the crystal structure in compounds with one supercon-
ducting layer per unit cell. In Bi-based superconductors
there are two or three CuO, layers per effective unit cell
and only in the case of their strong superconducting cou-
pling (in comparison with the intralayer condensation en-
ergy) they can be treated as one layer and the parameter
s coincides with the size of the effective unit cell in the ¢
direction. Otherwise the layers should be treated individ-
ually and the effective spacing s is given by the average
distance between CuOs layers.

Now we point out that the scaling approach describes
the, crossing point for fields
HZ BT Z iH",

H* = Ho(T*) = Hly(Tea —T*) .

(12)
For lower fields higher Landau levels are important. In
the low-field regime H < H_s (in the London region) the
contribution of the vortex fluctuations to_the thermody-
namics was described in [16]. In the London region the
amplitude of the order parameter is constant while posi-
tions of vortices z; fluctuate. The H dependence of the
magnetization is logarithmic in this region. The slope
dM/dIn H depends on T and becomes zero at T = T,
where T* is again given by Eq. (10), but now with U2
replaced by 1/2. Thus the crossing point T* in M vs T'
curves at different fields H exists in the London region of
the vortex state as well, i.e., for H <« H*, Noting that
such a crossing is absent in the mean-field approach, we
conclude that the existence of the crossing point 7 is a
general consequence of fluctuations in the vortex state.
Formation of the crossing point is caused by the entropy
associated with fluctuations of vortices; in the low-field
regime the fluctuations of vortex positions are important
while in the high-field regime the amplitude fluctuations
give the main contribution.

"We now use our results to understand the experi-
mental data on magnetization for highly c-axis oriented
BiySraCasCuszOio with the magnetic field parallel to the
¢ axis [5]. In the scaling regime we use the expression

M 1

7]

1—7—h++/(1—-T7—h)2+4A],

(13)
T=T~-T"/(Tew—-T"), h=H/H*,

which follows from Eq. (7). The values T* = 108.1 K and
ArM* = —2.67 G were taken directly from the data for
the crossing point. Two other parameters Tpp and H

were obtained by the least-squares minimization method
using Egs. (13) and the experimental data for temper-
atures between 107 and 120 K and fields 5 > H > 1
T where the scaling approach works well. From this fit
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FIG. 1. 2D scaling of magnetization data for Bi2SroCag- -

Cu3010 in various magnetic fields parallel to the ¢ axis. The
theoretical curve is obtained from scaling function f/(z) given

by Ea. (7).

we obtain Tp = 111 K and H/, = 3.44 T/K, as well as
6 = 0.027. The theoretical curve given by Eq. (7) and
experimental data for different temperatures and fields
are shown in Fig. 1. Note that fitting parameter H,,
as well as parameters b/a’? and T, in (10) obtained in
the high-field regime may differ somewhat from the cor-
responding parameters of the original GL functional at
H = 0 due to the contribution of higher Landau levels
mentioned above.

In summary, starting from the Ginzburg-Landau the-
ory we have presented the universal scaling functions for
the thermodynamic quantities in quasi-2D type-II super-
conductors. These functions, as well as the theoretical
conclusion about existence of the crossing point for M(T")
curves at different fields within the scaling region, are in
accordance with experimental data.
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