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What is TheProblemin highTc superconductors?

² Superconductingstateappears dx2¡ y2 \BCS-like". Low energy

fermionicquasiparticlesseemto haveonly\weak" interactions.

² In contrast,the \normal" stateappears strangeandnon-Fermi

liquid-like. Its fermionicexcitationsare stronglycorrelated.

\Inverted" solution:

² Today, everythingseemsto bea hightemperaturesuperconduc-

tor (cuprates,C60's, MgB2,. . . ). The superconductingground

stateis ascommonasnormalmetal.

² Traditionalparadigm:wemustunderstandthenormalstatebe-

forewecanunderstandthesuperconductor (Anderson,Pines,.. . ).

Weturn thisparadigmaround.The\invertedparadigm"states:

we mustunderstandthe superconductor before we canunder-

standthe adjacent\normal" state. )

² We constructa theory in which the correlatedBCS-BdGsu-

perconductor servesas the referencegroundstate. The key

questions:(i) how does sucha superconductor becomenon-

superconducting?(ii) what are the statesadjacentto sucha

superconductor, i.e. what are its \failure modes" (Laughlin,

LT23)? (iii) what is the theory that assumesthe roleof Fermi

liquidin the traditionalparadigm?



How Doesa Superconductor BecomeNormal?

In superconductors electronsform Cooper pairs: hcy
" (r )cy

#(r )i »

¢( r ). The orderparameter¢( r ) is a complexwavefunctionwith

amplitudej¢ j andphaseexp(i' (r )). In the superconductingstate

Cooper pairsare \Bosecondensed"andh¢ i 6= 0.

Superconductingvortex is a topo-

logicaldefectin ' (seearrows).

If onegoesaroundthe vortex,

' windsby 2¼(¡ 2¼around

antivortex). Theamplitudeis

uniform exceptin the core where

j¢ j ! 0.

If vorticesproliferate,throughthermalor quantum°uctuations,

it is this strongphasewindingthat ultimatelydestroys supercon-

ductingorder: limjr j!1 h¢( r )¢ ¤(0)i ! 0 ; h¢ i = 0
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Thermal/quantumproliferationof vortex loops (unboundvortex-

antivortexpairs)isthemechanismofsuperconductor-to-normaltran-

sition(Kosterlitz-Thouless). Vortex°uctuationsareparticularly en-

hancedin copper oxidesdueto quasi2D structure,highTc AND

Important: in correlateddSC

large¢ x2¡ y2 but small½s Vorticesin a dopedMott Insulator:

in the underdopedregime PA Lee,Nagaosa

) smallpenalty for Franz& ZT

twistingthe phase:½s(r ' )2 DH Lee& Han

Ogata



Vortex Fluctuationsin UnderdopedCuprates

T < T¤ { StrongSCFluctuations

ExperimentalEvidence:

Uemura(Columbia),

Ong(Princeton),

Orenstein(Berkeley),

Fischer(Geneva),

Oda& Ido (Hokkaido),
dSC

AF

*

Nernst

T
T

x

T

Tc
QED3

Below T¤ (» 100-200K) therearestrong°uctuationsof Cooper

pairs.These°uctuationsinvolveboth theamplitudeandthephase

of the SCorder parameter. The phase°uctuationsare dominant

whilethe amplitude°uctuationsare frozenbelow T ¤. Thetrue SC

order setsin only at Tc ¿ T¤. The strongestevidencefor large

vortex °uctuationsin the pseudogapstate (above Tc and below

TNernst) comesfromNernste®ectexperimentsby Onget al.

Phase°uctuations: Smooth (\spin waves")

Singular (vortices)

) Vorticesare responsiblefor the SCtransitionat Tc

andare dominant°uctuationsbelow TNernst



Evidencefor the pairingpseudogap,Oda,Idoet al. (Hokkaido)
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HTSareuniquenot onlybecausetheyhavesuchhighTc andstrong

vortex-antivortex °uctuations.Theyare alsod-wavesuperconduc-

tors, in contrastto conventionals-wavesuperconductors. )

Low energye®ectivetheory mustcontainFERMIONS!! This is in

contrastto He-type (BOSONONLY) modelsof SC°uctuations

s-wavesuperconductors: Thegapfunction

¢( k) doesnot changesignon the Fermi

surface.Thequasiparticle spectrumis

gapped:E(k) = §
r

(" (k) ¡ ¹ )2 + j¢ j2

+

-

-

+

d-wavesuperconductors: Thegapfunction

¢( k) changessignon the Fermi

surface.Thequasiparticle spectrumis

gaplessnear the nodes,where¢( k) ! 0

E(k) = §
r

(" (k) ¡ ¹ )2 + j¢( k)j2 » §j kj

) Massless Dirac Fermions !! (



Superconductor \Normal"
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In correlateddSCwemustconsidertwo typesof degreesof freedom:

°uctuatingvorticesandnodal quasiparticles(vorticesin k-space),

andtheirmutualinteractionsgeneratedby thepairingtermin H e®:

H t¡ J ) He® ) ¢( r )cy
" (r )cy

#(r ) + (¢¢¢)

where¢( r ) = ¢ 0 exp(i' (r )). The physicalcouplingshouldbe

through@' , due to the globalU(1) gaugeinvariance. But, to

extract@' , we musttake a \square-root" of exp(i' (r )).



SomeNotoriousSquare Roots

p
a2 + b2 = c ) Pythagoras'Theorem

(
p

5¡ 1)=2 ) PenroseTiles

p
¡ 1 = i ) ComplexAnalysis

p
p̂2 + m2 = ®¢p̂ + ¯ m ) Diracequation,S = 1

2

r

f (z) ) Riemannsheet

What is the square-root of exp(i' (r )) appearing in exp(i' )cy
" c

y
# ?

exp(i' (r )=2) looksnicebut it introduceshalf-vorticesandleadsto

branchcutsandnon-singlevaluedwavefunctions.

Is thereanotherway of takinga \square-root" of exp(i' (r )) which

doesnot leadto branchcutsandkeeps(hc=2e) vorticeswhole?
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FT Singular GaugeTransformationy

Eliminatethe phase' (r ; ¿) fromthe pairingterm ¢̂ :

cy
" ! exp(i' A)cy

" ; cy
# ! exp(i' B )cy

# ;

where ' A+ ' B ! ' ; exp(i' ) = exp(i' A) exp(i' B )

' A(B)(r ; ¿) is the singular part of the phasedueto A(B) vortex

defects.A andB are a convenientbut arbitrary divisionof vortex

defectsinto two equivalentgroups.

The¯gure showsa convenient

choiceof setsA andB for

°uctuatingvortices.(" ; #)

symmetryis restoredafter

summationoverall vortex

con¯gurations.

yM. FranzandZT, Phys.Rev.Lett. 84, 554(2000);O. Vafek,A. Melikyan,M.
FranzandZT, Phys.Rev.B 63, 134509(2001)



Quasiparticle-Vortex InteractionsI

An (hc=2e) vortex is seenby a quasiparticle asa con¯nedstate

of a U(1) \doppleron"anda Z2 \b erryon":

2e
vortex

qp (e)

Dopplershift:

! ! ! 0= ! ¡ ~vs(~r ) ¢~k

~vs(~r ) - super°uidvelocity

Volovik('93)

² However,Dopplershift providesonly\half" of the phase:

2e
vortex

qp (e)

Berryphasey:

suppliesadditional

¢ ' = ¼; Berrygauge

¯eld describestopological

frustrationexperiencedby

BdGquasiparticlesin

presenceof vortices

yM. FranzandZT, Phys.Rev.Lett. 84, 554(2000)



Quasiparticle-Vortex InteractionsII

We call new,singularly gaugetransformed,quasiparticlesTopo-

logicalFermions. Interactionsof TFswith vorticesaredescribedby

the BdGHamiltonianfor d-wavesuperconductor:

0

B
B
B
B
@

1
2m(p̂ + mvA

s )2 ¡ ²F D̂

D̂ ¡ 1
2m(p̂ ¡ mvB

s )2 + ²F

1

C
C
C
C
A

;

D̂ =
¢ 0

p2
F

[p̂x +
m
2

(vA
sx ¡ vB

sx)][p̂y +
m
2

(vA
sy ¡ vB

sy)]

and v ³
s = 1

m(¹hr Á³ ¡ e
cA ); ³ = A; B :

² Dopplergaugēeld v¹ = 1
2(@¹ ' A + @¹ ' B ) couplesto \charge"

of topologicalfermions(¹ = x; y; ¿) (Meissnercoupling).

² Berrygaugē eld a¹ = 1
2(@¹ ' A ¡ @¹ ' B ) couplesto \spin" of

topologicalfermions(¹ = x; y; ¿) (minimalcoupling). )

) Dopplergaugē eld is massivedueto Meissnere®ectof

TFs. Berrygaugē eld must remainmasslesssinced-waveSCis

spinsinglet.The onlyway to make a¹ massiveis to bindvortices

into ¯nite loops{ thisiswhathappensin thesuperconductingstate.



QED3 in Cuprates

M. FranzandZT, PRL87, 257003(2001)

The low energyquasiparticlesare locatedat the four nodal points

of thed-wavegapfunctiondenotedas(1; ¹1) and(2; ¹2). Linearizing

the spectrumnear the nodesleadsto the e®ectiveLagrangian:

L QED =
X

®=1;¹1
ª y

®[D¿ ¡ ivF Dx¾3 ¡ iv¢ Dy¾1]ª ®

+
X

®=2;¹2
ª y

®[D¿ ¡ ivF Dy¾3 ¡ iv¢ Dx¾1]ª ® + L 0; (1)

ª y
® is two-componentspinor, ® is nodeindex,D ¹ = @¹ + ia ¹ and:

L 0[a¹ ] = K ¿(@£ a)2
¿=(2¼2) + K d(@£ a)2

d=(2¼2) : (2)

Keyparametersof thetheoryarevF , v¢ , N andK ¿;d / »sc(x; T) .

E®ectiveLagrangian(1,2) for low energyquasiparticlesinteracting

with °uctuatingunboundvortices(h¢ i = 0) )

AnisotropicEuclideanquantumelectrodynamicsofmass-
lessDiracfermionsin (2+1)-dimensions(QED3).



Electron(Quasiparticle) Propagator

G(x; x0) ¼ hexp(i Rx0

x a¹ ds¹ (¡))[ ~ª (x) ~ª y(x0)]11i , wherex = (r ; ¿).

² Therealelectronpropagator canbecomputedfromtheTF prop-

agator in a gaugein whichhexp(i Rx0

x ds¹ a¹ )i = 1 (FranzandZT):

Realelectronpropagator (FranzandZT):

) G®(p) =
p=

p2¡ ´ (

´ = 16=3¼2N »= 0:27(N = 2) is the anomalousdimensionof real

electrons(´ ¿ 1). The Fermi liquid descriptionof quasiparticles

breaksdown ) Non-Fermiliquidin the pseudogapstate!!

Phase Vortex Loops Berryons NodalFermions

dSC Bound Massive Free{ Coherent

Pseudogap Unbound MasslessInteracting{ Incoherent



ARPESin Cuprates

ARPESmeasuresthe spectralfunctionof electrons:

A(k; ! ) =
1
¼

I m [G®(k; ! )]11 / I m
p=

[v2
F k2

x + v2
¢ k2

y ¡ ! 2]1¡ (´ =2)

-1.5 -1.0 -0.5 0.0 0.5
w, vFkx

EDC
MDC

0.0 0.5 1.0
vFkx

w
w

AlgebraicFermiliquid: Spectral functionexhibitsLuttinger-like

behavior in the \normal" (pseudogap)state{ § 00
®(k; ! ) ¯nite only

insidethe conede¯nedby ! 2 > v2
F k2

x + v2
¢ k2

y

M. FranzandZT, PRL87, 257003(2001)

Coherentd-wavequasiparticles (´ = 0) appear only in the true

phase-orderedsuperconductingstate(ZX Shen,LT23)



BdGChiralSymmetryandHTSPhaseDiagramI

In L QED we cangroupfour nodal

fermions,(1 $ ¹1), (2 $ ¹2), into two

four-componentmasslessDiracfermions

) N = 2 QED3 )

Q
22

Q
11

Q
12

1

1

2

2

L QED = ¹Ãnc¹;n ° ¹ D ¹ Ãn + L 0[a¹ ] + (¢¢¢) ;

n labels(1; ¹1) and(2; ¹2) pairsof nodes,c¿;n = 1, cx;1 = cy;2 = vF ,

cx;2 = cy;1 = v¢ , and°0 = ¾3­ ¾3, °1 = ¡ ¾3­ ¾1, °2 = ¡ ¾3­ ¾2,

f ° ¹ ; ° º g = 2±¹º .

² L QED hasa U(2) globalsymmetryfor eachpair of nodes

generatedby 1 ­ 1, ° 3, ¡ i° 5 and1
2[°3; °5], where°3 = ¾1 ­ 1 and

°5 = i¾2 ­ 1 anticommutewith all ° ¹ 's. ThisBdGchiralsymmetry

is brokenby two \mass" terms:

mch
¹ÃnÃn and mPT

¹Ãn
1
2[°3; °5]Ãn



BdGChiralSymmetryandHTSPhaseDiagramIIy

We beginwith

mch = mPT = 0.

However,mch 6= 0 canbe

generatedspontaneously

FL (but not mPT 6= 0 !!) )

ChiralSymmetry

Breaking(CSB) )

3QED
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x

T

Tc

dSC

T*

(CSB)

dSCCSB

dSCCSB

SDW
AF/

(a)

(b)

Three Phases of our QED 3 :

² Superconductor: a¹ is massive,Ãn is massless.

² ChiralSymmetricQED3: this phaseexhibitsnon-Fermi liquid

behavior and is the referencesymmetricstate of the pseudogap

regime{ This Algebraic Fermi liquid plays the roleof the \Fermi

liquidtheory" for thepseudogapstate. Botha¹ andÃn aremassless.

² CSBQED3: ¯nite mch is dynamicallygeneratedthroughspon-

taneouschiralsymmetrybreaking(CSB) and Ãn gainsmass. a¹

remainsmasslessandcon¯nesspinons(topologicalfermions).

yZT, O. VafekandM. Franz,PRB65, 180511(R)(2002)(cond-mat/0110253)



QED3 Uni¯edTheory (QUT) of HTSy

In mch
¹ÃnÃn the \mass" mch actsas

orderparameterfor bilinears h¹ÃnÃni

of topologicalfermionsÃn. If vF 6= v¢ ,

the chiralmanifoldof thesebilinears

hasa U(1)£ U(1) degeneracyfor each

pairof nodes.

Q
22

Q
11

Q
12

1

1

2

2

Whatare the statesin the BdGchiralmanifold?

hcy
" ®c" ¹® ¡ cy

#®c#¹®i + h:c: (cosSDW)

ihcy
" ®c" ¹® ¡ cy

" ¹®c" ®i + ("!# ) (sin SDW)

This is an incommensurateSDW at wavevectors § Q1¹1 and§ Q2¹2.

It is the dominantstateasx ! 0 dueto umklappprocesses.

) QUT predictsantiferromagnetismat low doping (
) dSC! \strangemetal" ! SDW (AF) (

yZT, O. VafekandM. Franz,Phys.Rev.B 65, 180511(R)(2002)(cond-
mat/0110253);I. F. Herbut,Phys.Rev.Lett. 88, 047006(2002).



QED3 Uni¯edTheory (QUT) of HTS

SDW is a 2D incommensurateanti-

ferromagneticinsulator. In QED3 theory

its spinonexcitationsare con¯ned.

ThisSDW is a progenitor of Neel(Mott-

-Hubbard) antiferromagnetat half-¯lling.

The two join smoothly asx ! 0.

2¢ SDW

BdGchiralsymmetry

breakingleadsto the

openingof a smallgap

in the nodesof the large

dx2¡ y2 pairingpseudogap.



Spinandchargeorderingnear a vortex within QED3 theory:

M. Franz,D. SheehyandZT,
PRL88, 257005(2002)
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Coexistenceof SDW/CDW anddSCorders:

IncommensurateSDW at QSDW = ¼(1 § ±SDW; 1§ ±SDW) with ±SDW = 1
4 .

IncommensurateCDW at QCDW = ¼(§ ±CDW; 0); ¼(0; § ±CDW) with ±CDW = 1
2 .

CDW patternconsistentwith Ho®manet al.



QED3 Uni¯edTheory (QUT) of HTS

Otherstatesin [U(1)£ U(1)]2 (vF 6= v¢ ) BdGchiralmanifold:

ihÃ" ®Ã#® ¡ Ã" ¹®Ã#¹®i + h:c: (dipSC)

This is a d+ip phase-incoherentsuperconductor. It is written in

termsof topologicalfermionsÃ¾®(r ; ¿) insteadof theoriginalnodal

quasiparticlesc¾®(r ; ¿). Thisstatebreaksparity but preservestime

reversal,translationalinvarianceandsuperconductingU(1) symme-

tries. All continuouschiralrotationsbetweenSDW anddipSCare

alsoincludedaswell as \diagonal strip es" { combinationsof

(1; ¹1) SCDW and(2; ¹2) dipSC.

WhenvF = v¢ theBdGchiralmanifoldisenlargedto U(2)£ U(2):

1p
2
hcy

" 1c" 2 + cy
" ¹2c" ¹1 + h:c:i + ("!# ) (CDW)

1p
2
hÃ" 1Ã#2 + Ã" ¹2Ã#¹1 + h:c:i + ("$# ) (SCDW) )



QED3 Uni¯edTheory (QUT) of HTS

Theseare superpositionsof one-dimensionalp-h and p-p states,

an incommensurateCDW accompaniedby a non-uniform phase-

incoherentsuperconductor (SCDW) at wavevectors§ Q12 and§ Q ¹2¹1

) QUT \strip es"

ihÃ" 1Ã#1 + Ã" ¹1Ã#¹1 + h:c:i + (1 ! 2) (disSC)

This is a phase-incoherentd+is superconductor.

LargeU(2)£ U(2) BdGchiralmanifoldof nearly degen-
eratestatesprovidesmeansto unifythephenomenology
of cuprateswithintheuniversalframework of QED3 the-
ory andemergesasa likelyculprit behindcomplexity of
the HTSphasediagram.


